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A BST R AC T  

In this study, the one DOF quarter car suspension system moving on flexible structure likewise 

Euler-Bernoulli bridge beam with the simple supported boundary condition is studied. The 

vibrations due to the interaction between moving car and bridge beam has been reduced with the 

tuned mass damper (TMD) attached to beam and active control of linear actuator placed to 

suspension system. Then, a fuzzy logic control algorithm is designed for inspection forces 

transmitted to vehicle body. For the numerically analysis, three different models have been 

presented to compare performance’s fuzzy logic controller designed in this study. Consequently, it 

is understood that most effective technique to suppress car body and bridge vibration is method in 

which TMD and fuzzy logic controller are used together.  
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Tek Serbestlik Dereceli Süspansiyon ile Ayarlı Kütle Damperli Esnek 

Yapı Etkileşiminden Kaynaklı Titreşimlerin Bulanık Mantık Kontrolü  

Ö Z  

Bu çalışmada basit mesnetli Euler-Bernoulli kirişi gibi esnek bir yapı üzerinde hareket eden tek 

serbestlik dereceli çeyrek araç süspansiyon sistemi çalışılmıştır. Hareketli araç ve köprü kirişi 

etkileşiminden kaynaklı titreşimler kirişe takılan ayarlı kütle damperi (AKD) ve süspansiyon 

sistemine takılan lineer aktuatörün aktif kontrolü ile azaltılmıştır. Daha sonra araç gövdesine iletilen 

kuvvetleri kontrol etmek için bir bulanık mantık kontrolcüsü tasarlanmıştır. Çalışmada kullanılan 

bulanık mantık kontrolcüsünün performansını test etmek için üç farklı model sunulmuştur. Sonuç 

olarak araç gövdesi ve köprü titreşimlerini sönümlemede en etkini yöntemin bulanık mantık 

kontrolcüsü ve AKD’nin beraber kullanıldığı model olduğu görülmüştür.  

 

Anahtar Kelimeler: bulanık mantık kontrol, tek serbestlik dereceli araç, aktif kontrol, AKD.

 

1 Introduction 

The improvement and dissemination of transportation causes a leading role in promoting economic 

progress, prosperity, and cultural contact in countries. But, as the operating speeds of the transportation 

increase, the vibrations in the vehicle components, which negatively affect passenger comfort and 

transportation safety, increase considerably as well. Therefore, reducing and controlling the vibrations 

in the train components is very significant for passenger comfort, rail holding and riding safety [1], [2]. 

The moving load problems are commonly used in the field of engineering. One of the most important 
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area moving load used is the military applications and the studies about this area generally focused 

interaction between moving projectile and barrel. The studies in which moving projectile modelled as 

moving mass considering Coriolis, centripetal  and inertial effects are given by [3]–[6].  

The interaction between moving cars and flexible structures is very important problem in engineering 

because of a heavy vehicle such as high-speed train (HST) moving on the flexible structures like bridge 

beam causes excessive vibrations due to train bridge interaction (TBI). Because in such a system, the 

train and the bridge are designed as two different subsystems, and the dynamic response of these two 

different subsystems is affected by each other through the movement of the train on the bridge [7], [8]. 

With the developments in computer capacity and appearance of high-capacity computers, studies were 

launched on complicated simulations which take into consideration the bridge and train dynamics 

together [9]–[11]. 

Vibration suppression on TBI models can be analyzed by new engineering techniques with much little 

cost or results. For example, a train system exposed rail irregularity has primary and secondary 

suspension system with self-control ability to develop performance of the passenger comfort. Besides, 

the same technique would be used to approach to a train model with minimum impacts on track and 

bridges  [12]. Besides, A moving train interact with the flexible structure like bridge beam, a passive 

and active vibration control algorithm has been used to develop its creditableness and strength[13], [14]. 

The passive suspension systems used on the train have some advantage because of the it is not costly 

set up process and time consuming. But, increasing of the speed of trains, passive suspension systems 

are not adequate to suppress vibrations to transmitted to vehicle body. Consequently semi-active 

suspension systems have been used damping the vibrations transmitted to vehicle body[15]–[18]. A 

feedback signal is generated from train components to control algorithm. Therefore, effective designed 

a semi-active suspension system has very impact upon to reduce vibrations.   

Artificially intelligent techniques (AIT) are widely used in the engineering applications. AIT has 

advantage for the reason of has learning and decision ability. Therefore, many papers in literature works 

has been employed AIT [19], [20].   To reduce vibration due to vehicle road or train rail interaction 

fuzzy logic control algorithms are used in many studies. The comparation fuzzy logic controller with 

the PID one in term of quarter car vibration reducing, some paper has been studied in the literature [21], 

[22]. The results show that the performance of the fuzzy logic controller better and PID controller. 

Acceleration of the vehicle body has been reduced with the using of thee fuzzy logic controller.     

In this study, an active suspension system with fuzzy logic controller has been modelled to reduce 

excessive vibrations occurred on the moving car body and flexible bridge beam. Firstly, the 

mathematical model of the moving car and Euler-Bernoulli bridge beam is presented. Then, the fist two 

natural frequency and mode shapes of the bridge beam are calculated. The critical velocity of the moving 

car equal to bridge natural frequency are determined with formulation presented in this study.    The 

effect of the TMD and active suspension control upon excessive vibration which occur on the bridge 

beam is studied in detail. With the proposed the method given in this study, the interaction between 

flexible structures and moving vehicles is analyzed easily without the need for costly and time-

consuming experimental studies.   

2 Theoretical Analysis 

Figure 1 shows a vehicle bridge interaction model with TMD. The vehicle moves from the left side of 

the bridge beam to right side with constant velocity v.  The vehicle model given by Figure1 has been 

modelled one DOF and consist of vehicle body, suspension spring and damping elements. On the other 

hand, the suspension system has a linear actuator which controlled with a fuzzy logic controller designed 

in this study. The parameters m, k and c represent car body, suspension spring and damping coefficients 

respectively. Besides, the parameter y(t) is the time dependent vertical displacement of vehicle body. 

The vehicle location on the beam according to left reference point of the beam is defined by time 

dependent parameter x=vt. The actuator time dependent forces transmitted to vehicle body and flexible 

bridge beam is determined by parameter U(t).  
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Figure 1: Physical model of the single DOF quarter car suspension, bridge and TMD used in this study.  

The flexible bridge beam has been modelled as according to Euler-Bernoulli beam with simple 

supported boundary conditions as shown in Figure 1. The parameters EI, ceq, µ, A represent bridge 

rigidity, equivalent damping, per unit length mass and bridge beam cross-section area respectively.  The 

length of the bridge beam is defined by parameter L.   As shown in Figure 1, three different vibration 

absorbers called in this study “Tuned Mass Damper” attached to Euler-Bernoulli bridge beam. The 

parameter wb(x,t) is the vertical deflection of the bridge beam at any position x and at any time t.   The 

parameter mi (i=1,2,3) represents TMD’s mass and ki(i=1,2,3) is the TMD’s spring coefficient. The 

TMDs are placed on quarter, half and 3L/4 bridge length because of the peak points of the first and 

second modes equal to certain location at quarter, half and 3L/4.  

As shown in Figure 1 , for the simple supported Euler-Bernoulli beam, the natural frequency of the jth 

vibration mode is given by [23] 
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In Equation (1), the parameter ωi is the circular natural frequency of the bridge beam (rad/s), parameter 

j represents number of the mode, the parameter E represents the elastic modulus (N/m2) of the beam, I 

represent the moment of inertia (m4) of the cross-section of the beam. Using Eq. (1) the natural frequency 

of a simply supported beam in Hz is expressed as follows: 
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The ratio of the excitation frequency ω=πvL-1 of a vehicle on the bridge to the natural frequency ωi of 

the bridge (i=1, 2, 3, 4) is called the speed parameter and is expressed as in Eq. (3).  When ω= ωi, 

resonance occurs, which can be destructive for the bridge. 

,
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When Eq. (3) and the excitation frequency of a moving vehicle on the bridge are rearranged, the 

following is obtained: 
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Using Eq. (21), vcr is expressed as follows: 
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(

𝜇
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Using the parameters given in Table 1 for the Euler-Bernoulli bridge beam for the used in this analyses, 

mode shapes of the beam have been plotted as shown in Figure 2. Then, Frequency of the first two 

modes of vibration of the flexible structure are  f1=0.2108 Hz, f2=0.8432 Hz. Consequently, the critical 

vehicle velocity corresponding to these frequencies are vcr1=42.15 m/s, vcr2=168.62 m/s. 

Table 1. Properties of the vehicle and bridge. 

Bridge Vehicle parameters 

L (m) 

E (Gpa) 

I (m4) 

μ (kg/m) 

ceq 

(Ns/m) 

100 

207 

0.174 

20000 

1750 

m   (kg) 

k (kg) 

c (kg) 

k1 ( N/m ) 

k2 ( N/m ) 

2172 

85439.6 

2219.6 

280401.59 

17525.08 

c2     ( Ns/m) 

m1 ( Ns/m) 

m2 ( Ns/m) 

m3 ( Ns/m) 

k3 ( N/m ) 

10000 

10000 

10000 

10000 

280401.59 

 

Figure 2: The mode shapes of the flexible bridge beam used in this study.  

In this study, only first and second mode shapes have been used for the numerically analysis because of 

the bridge beam is a large and big structure. If a structure has a large and big body, this structure vibrates 

effect of the low frequency vibration modes and it is adequate considering only low vibration modes to 

calculation of the dynamic response of the system. To demonstrate effect of the mode number upon 

solution accuracy, Figure 3 shows bridge beam mid-point displacement considering three different mode 

numbers (n=2,3,8). As shown in figure, increasing of the mode number used calculation has no effect 

upon bridge dynamic by reason of structure size.  

 

Figure 3: The effect of the mode number upon solution accuracy.   
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In formulation of the bridge, TMD and single DOF quarter car analyses the following assumptions will 

be adopted: 

• The bridge beam is modelled as according to Euler-Bernoulli beam with simple supported 

boundary conditions. 

• The vehicle has been modelled as single DOF quarter car suspension. 

• The velocity of the car is considered as constant and any acceleration and deceleration effect 

are excluded from the scope of the study.  

With these assumptions the kinetic energy of the system given by Figure 1 has been derived by Equation 

(1): 

2 2 2 2 2

1 1 2 2 3 3

0

1
( , ) ( ) ( ) ( ) ( ) ,

2

L

k b
E w x t dx my t m y t m y t m y t

  
 = + + + +  

  
  (6) 

On the other hand, the potential energy of the system given by Figure 1 has been stated as follows: 
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The parameter H(x) is the Heaviside function.   For any point x on the bridge beam and any time t, 

transverse deformation is written by Galerkin function as follows:  

1

( , ) ( ) ( ),
n

b i bi

i

w x t x t 
=

=  (8) 

The parameter ηbi and φi represent ith generalized modal coordinate and mode shape function 

respectively.   The orthogonality of the modes can be expressed as: 

0

0
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L
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=

  = 
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In Eq. (4) 𝛿𝑖𝑗 (i, j=1,2,…,n )  are the Kronecker delta function.  For the vehicle- bridge system the 

Rayleigh’s dissipation function can be expressed as below:  

 2 2

0

1
( , ) [ ( ) ( ( ), )] ( ( ))

2

L

eq b b
D c w x t dx c y t w t t H x t= + −  −    (10) 

In Eq. (5) ceq is the equivalent damping coefficient of bridge beam.  By using the Galerkin function 

given by equation (8), the equations of motion of the system are obtained by Lagrange equation g,iven 

by Equation (10). 

d
 ,

d ( ) ( ) ( )

L L D
U

t y t y t y t

   
− + = 

   
 (11) 

Accordingly, the equation of motion for car body vertical vibrations can be obtained by:  

  1- [ ( ) - ( , )]- [ ( ) - ( , ) ]
b b

y c y t w x t k y t w x t U m−= +  (12) 
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Then, Lagrange equation for the TMDs is written as follows: 

( )
d

 , 1, 2,3
d ( ) ( ) ( )

i i i

L L D
U i

t y t y t y t

   
− + = = 

   
 (13) 

The equation of the motion of the first, second and third vibration absorbers have been developed as 

follows:  

  1

1 1 1
- [ ( ) - ( 4, )]

b
y k y t w L t m−=  (14a) 

  1

2 2 2
- [ ( ) - ( 2, )]

b
y k y t w L t m−=  (14b) 

  1

3 3 3
- [ ( ) - (3 4, )]

b
y k y t w L t m−=  (14c) 

the equation of motion representing the bridge dynamics is written as follows: 
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where Λ is: 

Λ = {
1,         𝑓𝑜𝑟 0 ≤ 𝑡 < 𝑡1

0       𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒,
 (16) 

3 Designing of the Fuzzy Logic Controller 

In this study, to control of the linear actuator given by Figure 1, a fuzzy logic controller has been 

designed as shown in Figure. In this context, the output of the controller is defined as r=y(t)-wb(x,t) 

which equals to difference between car body vertical displacement and bridge beam vertical deflection 

at the contact point of the car upon beam. On the other hand, as the reference input is defined the 

parameter R and which equals to zero. The error value of the controller is calculated by the parameter e 

with calculation of the formulation e=R-r. Figure 4 shows fuzzy logic controller used in this study for 

the vibration control of moving car and flexible beam. As shown in figure, the input parameter is defined 

by symbol R, on the other hand, the output parameter is obtained by r. Then, the error value is calculated 

by difference with the input and output. After derivation of the error, this parameter entered the fuzzy 

controller.   

 

Figure 4: Fuzzy logic controller used in this study.    

Figure 5 shows fuzzy controller schemas for moving suspension car. In the Figures 5, input and output 

parameters of the fuzzy logic controller used in this paper are seen clearly. The parameters error and 

deviation of the error are defined as inputs for controller. 
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Figure 5: The input and output parameters for fuzzy logic controller used in this study. 

Figure 6 show s membership functions of the fuzzy logic controller used in this study. As shown in 

figures, the input parameter error has been represented by five numbers membership functions. On the 

other hand, the input parameter deviation of the error has been presented by three membership functions.  

The output parameter actuator force is represented by nine number member ship functions. The all 

membership functions are selected as triangular geometry. 

 

Figure 6: The membership functions of input and output parameters. 

Before starting analysis, it must be defined fuzzy rules which indicate relationships between input and 

output parameters. As mentioned earlier, the input parameters are defined by error and derivatives of 

error. The error parameter has been converted to fuzzy by the five membership functions. Likewise, the 

parameter derivation of the error converted to fuzzy with the three membership functions. The fuzzy 

rule between these input and output parameter given by Table 2. Figure 7 shows output surface 

according to input parameters.        

Table 2. Fuzzy laws used in controller. 

 

𝑼𝒊  

𝒅𝒆𝒊(𝒕)

𝒅𝒕
 

VN VZ VP 

 

 

𝒆𝒊(𝒕) 

XNB UNB UNM UNS 

XNS UNM UNS UZ 

XZ UNS UZ UPS 

XPS UZ UPS UPM 

XPB UPS UPM UPB 

 

Figure 7: The output surface according to input parameters. 
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4 Results 

For the numerically analysis moving suspended car and flexible structure’s parameters given by Table 

1 are used. The moving car constant velocity is determined v=90 m/s. Figure 8 shows different cases for 

the numerically analysis. For example, Figure 8a presents a moving car body with the simple supported 

Euler-Bernoulli beam without TMD and fuzzy logic controller. This model is the simplest model used 

in the study and is used to compare the performance of other models. In the Figure 8b, a linear actuator 

has been attached to moving car’s suspension system and introduced a simple supported Euler-Bernoulli 

beam with three TMDs. First TMD has been placed on bridge at location L/4 and it is called in this study 

“Left L/4”. The second one is placed to L/2 bridge beam and it is defined as “Mid L/2”. The last one is 

the mounted on the bridge 3L/4 location and it is mentioned that as “Right 3L/4”. Otherwise, Figure 8c 

shows that a simple supported Euler-Bernoulli beam with three TMDs similar to Figure 8b and moving 

suspended car without linear actuator and fuzzy logic controller.     

Figure 9a-b show displacement and acceleration of the car body for the different cases given by Figure 

8a-c respectively. As shown in Figure 9a, the maximum vibration of the car body is occurred in the 

without TMD given by Figure 8a. Besides, minimum vibration of the car body has been determined 

with TMD and fuzzy controller case as shown in Figure 8b. The vertical displacement values of the car 

body are determined 1.02, 2,73 and 4.45 mm respectively for the cases with TMD and fuzzy controller, 

with TMD and without TMD.  On the other hand, the maximum vertical accelerations of the car body 

are 0.01378, 0.075, 0.1595 m/s2 for the cases with TMD and fuzzy controller, with TMD and without 

TMD respectively.   According to these results it seems clearly that best effective method to reduce 

vibration due to the fact that moving car and flexible structure is the with TMD and fuzzy controller 

combined algorithm because of the TMD and fuzzy controller case has two vibration damping system. 

In the TMD and fuzzy controller case, there is external force transmitted to moving car body to active 

control vibration in addition to TMD.          

 

Figure 8: Different cases used in this study for the numerical analysis. 

Figure 10a-b shows bridge midpoint transverse displacement and vertical displacements of the vibration 

absorbers attached to Euler-Bernoulli beam as shown in Figure 8b-c. As shown in Figure 10a, minimum 

bridge mid-point vertical displacement is determined in TMD and fuzzy controller case. The midpoint 

vertical displacements are defined by 5.7, 6.18 and 10.4 mm for the TMD and fuzzy controller, with 

TMD and without TMD respectively. Moreover, Figure 10b shows vertical displacements of the TMDs 

given by Figure 8b-c for the case TMD and fuzzy controller as shown in Figure 8b. Due to the TMDs 

used in this study has only mass and spring element, the vibration amplitude of the waves is not damped.     
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Figure 9: The vertical displacement and acceleration of the moving car.  

 

Figure 10: The bridge midpoint transverse displacement and TMD’s vertical displacement. 

5 Conclusions 

In this study, it is demonstrated that fuzzy logic controller is verry effective control algorithm to suppress 

vibration caused by interaction between moving car and simple supported boundary condition Euler-

Bernoulli beam. Moreover, the idea that placed vibration absorbers TMD to first and second mode’s 

peak points is important technique in terms of reducing vibration due to moving car and flexible 

structures. Using mathematical model proposed in this study, someone can develop easily more 

complicated model considering multiple vehicle axle, vehicle body, passenger seats, road roughness. 

So, more detail analysis can be obtained without the need for time consuming and costly experimental 

works. 
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