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Abstract

A fractional Cattaneo model for studying the thermoelastic response for a finite thick circular plate with source
function is considered. The thick plate is subjected to radiation-type boundary conditions on the upper and lower
surfaces, and its curved surface is kept at zero temperature. The theory of integral transformations is used to solve the
generalized fractional Cattaneo-type, classical Cattaneo-Vernotte and Fourier heat conduction model. The analytical
expressions of displacement components using thermoelastic displacement potentials; and thermal-stress distribution
are computed and depicted graphically. The effects of the fractional-order parameter and the relaxation time on the
temperature fields and their thermal stresses are investigated. The findings show that the higher the fractional-order
parameter, the higher the thermal response. The greater the relaxation period, the longer the heat flux propagates on

thick structures.

Keywords: Fractional Cattaneo-type equation; fractional calculus; non-Fourier heat conduction; thick plate; thermal

stress; integral transform.

1. Introduction

It is required to preserve the structural elements from
wear, corrosion, and delamination in high-temperature
environments such as the cosmos, thermal power stations,
and internal combustion engines. These kinds of
environments have incredibly high temperatures. The
development of functionally graded materials has been done
to alleviate the effects of thermal and residual stresses.
Functionally graded materials can avoid destruction because
of the gradual change in the material properties. Recently,
Haskul [1,2] obtained analytical solutions for the stresses and
displacements of a functionally graded cylindrically curved
beam subjected to a heat load in the radial direction using
von Mises' yield criterion. Haskul et al. [3,4] investigated the
elastic stress response of a thick-walled cylindrically curved
panel subjected to a radial temperature gradient under the
assumption of generalized plane strain according to both
yield criteria, Tresca and von Mises.

As everyone knows, the heat current is based on particles
or quasi-particle motion from the macroscopic experience.
The same reflects in Fourier's law within the framework of
the classical parabolic heat conduction equation in which the
velocity of heat transport is not limited. A modified Fourier's
law fulfilled these conditions explicitly by considering the
finite propagation velocity of heat in the conduction equation
by the so-called hyperbolic heat conduction equation.
Furthermore, technological development with advancements
in Science helps to revolutionize by introducing the heat
relaxation time to the non-equilibrium heat conduction
mechanism [5-8]. Cattaneo [9] and Vernotte [10] multiplied
the thermal relaxation time to a partial time derivative of the
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heat flux. This so-called Cattaneo-Vernotte hyperbolic heat
conduction equation can predict the non-equilibrium heat
conduction progression combined with the energy equation.
Meanwhile, Compte and Metzler [11] proposed four possible
generalizations of the Cattaneo telegraph equation. Though
the theoretical modeling of Cattaneo-Vernotte equations
overcomes the infinite heat propagation speed for the non-
equilibrium  process, few nonconformities in the
experimental results were noticed by Jiang et al. [12].
Povstenko [13] proposed a quasi-static uncoupled theory
of thermoelasticity based on a fractional heat conduction
equation. Povstenko [14] published highly cited literature
reviews on fractional thermoelasticity. The above literature
emphasizes that coupling between deformation and heat
conduction in the heat equation into account does not
complicate the Neumann boundary value problem in the
quasi-static theory framework. In the framework of
fractional thermoelasticity, Povstenko [15] also proposed the
time-fractional Cattaneo heat conduction equation from the
time-non-local generalization of the Fourier law using
different kernels, i.e., Mittag-Leffler type, within the
framework of corresponding thermal stress theory. Mishra
and Rai [16] obtained the fractional single-phase-lagging
heat conduction model by applying the fractional Taylor
series formula to the single-phase-lagging heat conduction
model. Few researchers [17-22] recently got the
mathematical solutions of the fractional Cattaneo-Vernotte
heat conduction problem with Neumann boundary
conditions on a finite or semi-infinite medium. However,
based on the Cattaneo-Vernotte fractional model, the heat
conduction of the finite thickness along with the radiation
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boundary condition has been less studied. Therefore, the
analytical solution for the time-fractional heat conduction of
Cattaneo in a finite thick plate under radiation conditions is
studied in this paper. The heat conduction mechanism that
differs from the fractional-order parameters is analyzed. The
time-fractional thermoelastic analysis of the Cattaneo-type
for a thick plate under radiation boundary conditions has not
been investigated to the best of the author's knowledge.

The outline of the remaining paper is as follows. Section
2 presents the mathematical modeling of the generalized heat
conduction equation in the framework of fractional
Cattaneo-type, with its associated thermal stresses. Section 3
obtains the solution of time-fractional Cattaneo analysis
under radiation conditions. Section 4 gives deduction and
validation of the results. Section 5 gives outcomes that are
graphically shown. Finally, conclusive comments are
summarized in Section 6.

2. Mathematical Model
2.1 Fractional Cattaneo-Type Heat Conduction
The classical Cattaneo model [23] as

q+r%=—kVT (1)

By combining Eq. (1) with the continuity equation

oT
pC, o -V-q )

leads to the hyperbolic heat conduction equation

2
%+rgt—I:KAT (3)

in which q is the heat flux vector, 7 is the relaxation time,

k is the heat conductivity of a solid, x is the thermal
diffusivity coefficient, p is the density, C, is the calorific

value, V is the gradient operator, T is the temperature and t
is the time, respectively.

The fractional generalization [24] of the classical Cattaneo
model by introducing the fractional Taylor formula [21] as

p
q+rpgt—q=—kVT,O< p<l, ()

p

where without losing the generality T'(L+ p) appearing in

the Taylor series is merged in 7" terms, T is the gamma
function, p is introduced to keep the dimension in order and
0" /ot® is the fractional time derivative based on Caputo
fractional definition [25]. For the limiting case of z =0 (or
p=0), Eq. (4) reduces to classical Fourier heat conduction and
the standard Cattaneo heat conduction equation for p=1. The
estimated ranges of relaxation time (in seconds) usually
involve (10 10™) for metals, (10®10%) for gases, and

(100 10°) for porous materials [26].

Combining Eq. (4) with the law of conservation of energy
shown in Eq. (2), leads to the fractional generalized Cattaneo
equation as
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or L, o"T
—+7T
at at p+1

= kAT, 0< p<1 )

Taking the Laplace transform [27-29] of Eq. (4), one obtains

KkVT"(s)

, 0 <1
(1+7PsP) <P ©)

q°(s) =~

in which the asterisk denotes the transform and S is a
transform parameter. Using the inversion theorem of the
Laplace transform, one gets the solution of Eq. (6) as

q(t)=—§,j;<t—y>p1E,,,{—“‘T—Z)‘)}VT(y)dy )

where E() is the generalized Mittag-Leffler functions. Here
Eq. (7) with z? = ¢ was obtained by Povstenko [13-15].

2.2 The Plate Under Radiation Boundary Conditions

Figure 1 shows a schematic sketch of the studied
thermoelasticity problem and the cylindrical coordinate axes
r, o,z

Upper Face

heat supply

Surrounding
medium
T=0

v
Lower Face z

heat supply

Figure 1 Plate configuration and heating conditions.

It is used to describe a time-fractional thermoelastic
analysis of the thick plate under radiation boundary
conditions. The two-dimensional finite thick circular plate
occupies the domain D={(r,z) e[0,b]x[-h,h]} in the
unstressed reference configuration. Equations governing the
time-fractional Cattaneo-type heat conduction equation as

ﬂ+r”ap+1T— l££r£j+ﬂ + x(r,z,1)

a  Cart Slvarlar )T e [TAT Y 8)
0<p<L0<r<h,—-h<z<ht>0,

with zero initial condition

t=0:T:O,%:0,0§rsb,—h§zsh ©)

under the Dirichlet-type boundary condition on the curved
surface

r=b:T=0,-h<z<h, t>0, (10)
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where T =T(r,z,t) is the temperature in cylindrical
coordinates, x=k/(pC,) is the thermal diffusivity of the

material, K is the conductibility of the medium, p is its
density, C, is the calorific capacity, assumed to be constant,
and y(r,z,t)is the source function having physical
dimension [;]=°c/m?, respectively.

Povstenko [30-32] has recently investigated the time-
fractional heat conduction equation with Caputo derivative
under mathematical and physical Robin-type boundary
conditions. Another equivalent name in use is radiation-type
boundary condition [33-37], a specification of a linear
combination of the values of a temperature function and its
normal derivative on the domain's boundary and can be given

as [B f+aq (6f 02)],_,, = A(r,t) [36]. Here «; and g,
(i=12) are the constant thermal parameters related to the

conduction and convection coefficients whose value can be
positive, negative, or zero acting on surfaces z=+h and

A (i=1,2) is temperature distributions of the surrounding
media. As a particular case, these conditions of radiation-
type contour acting on surfaces Zz=-h and z=h can be

taken as
f(t
ot? j ()

Jf(t)

where the radiation constant coefficients on the upper and
lower surfaces are taken as g =g, =1, o =k, @, =k, for a

specified temperature on the boundary, £ is the heat transfer
coefficient having the physical dimension [£]=°Cm, &( )
is the Dirac delta function, f(t)=H(t)-H(t-t,) is the

difference of two Heaviside functions, r, and t, is a fixed

z=h :T+kla—T:§ o r)(
oz I

(11)
7=—h:T -k, I o200 r)[
oz r

value, H( ) is the Heaviside function, and for the sake of
brevity, we consider internal heat generation as

5(r-r,)s(2)

0

x(r,z,t)=Q, f(t),0<r, <b, (12)

in which the coefficient Q,characterizes the stream of heat
and has the physical dimension [Q,]= °Cm®.

2.3 Thermoelastic Formulation
The Navier's equations [38] without the body forces can
be expressed as

Vzu,—u—;+ 1 @—2(1—“))0(1—1—:0,
r- 1-2vor 1- 21) or (13)
ViU — 1 ce 2(1+u) _o,
1 wa 1-20 82

where the displacement components in radial and axial
directions are
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6(p o°L
" or oroz’
u, =2 1 20-0)V? L——
0z 0%z
and the dilatation is
e_(9ur+ur+8uZ 5
or r oz (15)

with ¢, as the thermal expansion coefficient, v represents

Poisson's ratio, L(r,z,t) is Love's function [37], and
o(r,z,t) is Goodier's displacement potential that must
satisfy the equation [38]
Vip=K,T, (16)
and Love's function must satisfy the equation
V?V2L =0, 17
where
=[1+v)/ (1-V)]e,. (18)
The stress component [38] is
20{ a e vz +9 {uﬂ—ﬁ}},
oz or?
ZG{ 12(/) Vip ;{UVZL—EZ—L}}
r or Z r or (19)
2
ZG{ a"’ v2 {(2 V)V L—%}},
Z

2
o, =2G Pp,0 o5
oroz  or oz

in which G is the shear modulus, v is Poisson's ratio, and
the Laplacian operator as

A i

— —. 20
or* ror o7t (20)
The traction-free boundary conditions can be represented as
follows:

(21)

and the other boundary conditions on the lower and upper
surfaces are set free. Egs. (8) to (21) constitute the
mathematical formulation of the problem.

3. Solutions For The Plate Under Radiation Conditions
3.1 Solution Of Time-Fractional Cattaneo Analysis

Firstly, introducing the Hankel integral transform [39] and
its inversion theorem as
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L= 1) =18 r3,(8, 0 f()r,

(22)
()= k(8,1

where n be the transform parameter and the kernel for the
finite transform defined by

3,(B,1) } 23)

Ko (B, 1) = b{ﬂJ (4.)

with g, are the positive roots of the characteristic equation
J,(Bb) =0. We recall another integral transform proposed

by Marchi and Fasulo [36] that responds to the radiation
boundary conditions given in Eq. (11) as

h
T, [9(2)] =g, = Jh 9(2)P. (z)dz,

(24)
ggm))
9(2) =) —"P.(2),
m ﬁ’m
where the orthogonal function gives the nucleus as
P.(z) =Q, cos(a,z) —W, sin(a,z),
Q,, =a,(k, +k;)cos(a,h),
W,, =2cos(a,h) + (k, —k,)a,,sin(a,h), (25)

7= [ P2 d2 = Q2+ SR g2 w2y
h a

m

and the eigenvalues an are the positive roots of the

characteristic equation

[k,acos(ah) +sin(ah)] [cos(ah) + k,asin(ah)] =

: . (26)
[k,a cos(ah) —sin(ah)] [cos(ah) —k,asin(ah)].

Following the rules defined in Eqg. (22) and (24) to
equation (8), one obtains

d 7P d” e )

E—'— dtp+1 T(nmt)+KAT(nmt) m f(t)’ (27)
subjected to the transformed initial condition (9) as

0
=0:Tamy =0 = Tamy =0, (28)

where

A=a+p, (29)

P,(h) P,(-h
o = { A )]: QOPm(z)}kwr) 0
2
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Then, the transformed temperature of Eq. (27) in the
Laplace domain is

®) ®)
Toms =Hum Te s (1)
where

T =] T edt, F(s)=["fme™dt, (32
and

F(s)

© = . 33

© k(s +7°sP)+ A (33)
Eqg. (33) is expanded into the following form [21]

0 AZIT—(I+1)pS—(I+1)

TO=N() —m——. 34

(s) g( ) K‘(Sp +T—p)l+l ( )

Applying the convolution theorem, the inversion of

Laplace transforms for Eq. (34)

T (2)

B0 = Hon KB, 1) [ TE T (t-n)dn. (35)

By adopting the discretization method [40], one obtains
T =LH{Tgy=L" {Z( 1)

S

\ AZI T-(|+1) pS—(I+l) }

k(sP +77P)*
|A2|T_(|+1)pt|(p+1)+p E(I) _ﬂ
K'l' p.1+p+l ‘L'p !

is the generalized Mittag-Leffler functions [26]

(36)

where EY,

E,,(0)= Z$

)
E ﬁ(z)_ = (e j+an+p)

37)

Applying the inversion theorems of transformation rules
defined in Egs. (22) and (24) on equation (35), one obtains

TE20=3 S eu | [ TG f-ndn|R,@KE D, (@)

where

Pnm = Hom KB, 1) (4, A) - (39)

Thus, Eq. (38) represents the temperature at every instant
of the time-fractional Cattaneo heat conduction model and at
all points of a thick circular plate when there are radiation-
type conditions. Substituting the expression (31) into Eq.
(16), one obtains Goodier's potential as

o(r,2) =K, 3 322 (101 - nanfR, @ k(6. (40)
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Similarly, Eqg. (31) satisfying Eq. (17), one gets Love's
function as

Lz, =-K, Y Y222 [ 101 ¢~ nydn|cosn(s,2)

n=1 m=1

x[AJo(Bir) +Co (1) (B,0)]

(41)

in which unknown arbitrary functions A, and C, are to be

determined later. Using Egs. (21) and (22) into Eq. (14), one
obtains

i Fnm {J‘ T<2))f(t—q)df]}{ﬂnSiﬂh(ﬁnZ)

n=1 =1

x [Aw(_ﬂn)‘ll(ﬁnr) +C, BB (B +(210%) (42)
x[3,(8,)13,(BD)]p, (D)},

0, =K Z z@{j T(;?f(t—n)dq}{a [Q, sin(a,2)
W, cos(@ 2k (B0 + ALLBNGE -3 (ag)

X COSh(ﬁnZ)+ Cnﬂn2[4(l_ V)‘]O(ﬂnr) + (ﬂnr)‘ll(ﬂnr)
x (4v —3)]cosh(,2)},

The stress components were evaluated using Egs. (19)-
(21) in (19)

o, =-2GK, Y i‘OA

t
- 5o

2 L) 2
x{|: a, Jo(ﬁnr)_ﬁ”( r j:|[b2ﬂn‘]1(ﬂnb)]

% PL(2) + G2~ D30+ (1) I, (B,1)]
xsinh(f,2) + A {ﬁn%wnr)—w}sinh(ﬂn z)},

(44)

= -2GK Z Z“’"m{jo T@f(- n)dn}

)] Ad (ﬁnr)}(bzﬂ Jz(ﬂ b)j

xP.(2)+ BA, sinh(ﬁnz)(szinh(ﬂnz)
+BiC,(2v =1)J,(B,1)sinh(B,2)},

(45)

o, =-2GK Z z‘o"m{j T((f))f(tfn)dn}

x4 — ﬂn‘]o(ﬁnr)
b* J,(4b)

x[2(2=v)3,(8,r) = (B,1) 3. (B,1)]Isinh(f,2) }

(46)

Po(2) = BIAJo (B r)sinh(,2) + BC,

0, =-2GK,> Y ﬁ’xm

s {f T<(f>>f(t—n)dﬂ}{—am[WmCOS(amz)

2 3,(Br)
b* J,(3,b)

~ BiC,[20-)3,(B,) +(B,1) I (B, )] cosh(B,2) |

+Q, sin(a, 2)] +ByAJ,(B,r) cosh(B,2)

(47)

Using Egs. (21), (44) and (47), one obtains
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A = 2{[2(1 - v)B,]csch(,2) P, (z) +(B,b) sech(5,2) R, (2)}
(BE0)? 3, (BD){L- B2+ B o—-2(-v)/b]}
_ 2[-p,csch(B,2)P, (2)+sech(B,2) B, (2)]
" (BB BLIE-20-v)]

(48)

where prime denotes the differentiation of the function.

3.2 Solution Of The Classical Cattaneo-Vernotte Model
Taking p =1, Eq. (8) can be reduced to Cattaneo-Vernotte

heat conduction model as

or  _oT _lof af T
K| —+7— r— [+—+x(r,z,t),
ot o ) rar ar z

0<r<b,-h<z<ht>0.

(49)

Following the procedure in subsection 3.1, the solution of
Eqg. (49) can be obtained as

T(r,z,t)= ZZKnm

n=l m=1

X {1+ exp[“‘xi “14”\)} (- 2JT4m)
T

Jrexp[(t_to)(lJr ‘1_4TA)} @+ M)} H(t —t0)>

x Py (@) ko (5, 1)-

p{_ (t —to)(1+\/1—4rA)}
2t

<2AJ1 47A

(50)

3.3 Solution Of The Fourier Heat Conduction Model
Taking 7 =0, Eq. (8) can be reduced to the classical
Fourier conduction model as

T 16£r6Tj LT e,
ot rorl or ) a2 T AE

0<r<bh,-h<z<h,t>0.

(51)

Following the procedure in subsection 3.1, the solution of
Eqg. (51) can be obtained as

T2 =3 3000 (EPL-AC-t)]-DH-1)) (52

n=l m=1

x By (2) ko (5, 7).

4. Numerical Results, Discussion And Remarks

To interpret the numerical computations, we consider the
material properties of Aluminum metal, which can be
commonly used in both wrought and cast forms. In the
following calculation, the physical parameters taken are b =
1,h=0.8, k= k;=0.86 and To = 150°C. The time, coordinate,
displacement and stresses are normalized as follows

/b, Z=[z—(-h/2)]/b, T =xt/b* 7=x7/b?, (53)
ITy, G =y, K Tob,6; =0 [EaT, (i,j=r,2),

and (k;,&,Q,) is also taken into account when introducing
nondimensional quantities for numerical calculation. The
numerical results with various values of the fractional
parameter p and the relaxation time 7 are taken between 0
to 10. The thermomechanical properties [34] of isotropic
material at room temperature are considered in Table 1.
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Table 1. Thermo-mechanical properties: Aluminum.
Dimension Value
Modulus of Elasticity, E 68 GPa
Poisson's ratio 0.35

Thermal Expansion Coeff., a 25.5x108/°C
Thermal diffusivity, « 84.18x10° m%s!
Thermal conductivity, 4 204.2Wm™'K™!
Shear modulus, G 27 GPa

Density, p 2,710 Kg/m3

Specific heat capacity, Cv 921.096 J/kg-K

Figures 2 and 3 represent the temperature distributions
along radial and thickness directions for the thick plate with
=05, 7Z,=05, {, =05 and t =(0.1,0.3,0.5,0.9,1.2) .
Figure 2 shows that the temperature decreases when the
dimensionless radial position is less than 0.5 inspite of an
increase in the time value, which might be due to internal
energy availability. The temperature increases up to 0.8 and
again attains zero at the right boundary. The small
temperature bump represents the absorption of heat from the
external source. However, the area integral of the
temperature distribution along the thickness direction shows
a grown temperature bump and follows the standard bell-
shaped curve irrespective of time variation. Figure 3 shows
the dimensionless temperature profile for different values of
the fractional-order p when T =0.6 is fixed. It shows that

the tensile force is high at the left boundary, which reduces
as it approaches the right edge. The maximum tensile
strength is central in the thickness direction, with both ends
having high compressive force, as shown in Figure 5. It can
be seen in Figures 6 and 7 that the temperature distribution
on the heated surface increases as time proceeds. The
increment in temperature trend with a rise in fractional-order
parameter and relaxation time is seen in Figures 6 and 7. In
Figures 8 and 9 show the results for the thermal radial stress
o, for the different parameter values of p. Figure 8 shows

that the maximum value of compressive stresses occurs up to
r = 0.46 along the radial direction, and the tensile stress acts
towards the end. Figure 9 shows that the tensile stresses are
maximum at the central part of thickness which is later
overlaid by the compressive stress at both ends along the
thickness direction. Figures 10 through 13 show the effects
of fractional order p on tangential stress and axial direction.
Initially, high tensile stress is noticed on the left boundary
along the radial direction, as shown in Figures 10 and 12,
which further show damping sine wave-like characteristics
by attaining the minimum value. Figures 11 and 13 show a
bimodal distribution along the thickness direction. Figures
14 and 15 display the dimensionless shear stress profile at
different fractional-order parameters along the radial and
thickness directions. Figure 14 shows that the maximum
values of shear stresses occur on the plate's left boundary
along the radial direction, which pretends as a damped
sinusoidal function whose magnitude approaches zero as the
radius position increases. In Figure 15, it is noted that the
fluctuation occurs along the thickness direction.
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I~
05!

0.4
0.3~
0.2

0.1

0.0 ‘ . ‘ '

0.0 0.2 04 r 06 0.8 1.0

Figure 2. Temperature profile at a different time
when p = 0.8 along the T — direction.
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0.8

0.6
0.4

02| .

0.0

0.0 0.2 04 2z 0.6 0.8
Figure 3. Temperature profile at a different time
when p = 0.8 along the Z —direction.

0.201:

0.00 . . . ‘ ‘
0.0 0.2 04 r 0.6 0.8 1.0
Figure 4. Temperature variation at various p when
t =0.6 along the T — direction.

Ly

0.0 0.2 04 2z 0.6 0.8
Figure 5. Temperature variation at various p when
t =0.6 along the Z — direction.
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Figure 6. Temperature distribution along
dimensionless time at various P when 7=0.6.
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Figure 7. Temperature distribution along the time at
various 7 when p=0.6 is fixed.
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Figure 8. Radial stress profile at a different fractional
order p along the T —direction.
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Figure 9. Radial stress profile at a different fractional
order p along the Z —direction.
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Figure 10. Effects of fractional order p on tangential
stress along the I — direction.
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Figure 11. Effects of fractional order p on tangential
stress along the Z —direction.
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Figure 12. Dimensionless axial stress variation at a
different p along the T — direction.
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Figure 13. Dimensionless axial stress variation at a
different p along the Z —direction.
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00 02 04 F 06 08 1.0
Figure 14. Shear stress distribution at different p
along the 1 —direction.
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Figure 15. Shear stress distribution at different p
along the Z —direction.
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Figure 16. Comparing classical Cattaneo-Vernotte,
fractional-order Cattaneo and Fourier models along
the T —direction.
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Figure 17. Comparing classical Cattaneo-Vernotte,
fractional-order Cattaneo and Fourier models along
the Z —direction.
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Figures 16 and 17 show the dimensionless temperature
distribution profile compared to the classical Cattaneo-
Vernotte, fractional-order Cattaneo and Fourier model
fractional-order parameters along the radial and thickness
direction. Figure 16 shows that the temperature field's
maximum values occur on the plate's left boundary, whose
magnitude approaches zero along the radial direction. Figure
17 shows that the temperature distribution along the
thickness direction depicts a normal bell-shaped curve bump
for all three model solutions.

4. Deduction And Validation Of The Results

This section refers to the deduction of the conclusions
derived in the previous section regarding the classical
uncoupled thermoelasticity model and the classical
Cattaneo-Vernotte  thermoelasticity theory for a
homogeneous thick plate

(i) Taking p=1 in Eq. (5), the equation results in the
classical Cattaneo-Vernotte heat conduction model [24]
as given in Eq. (49) with a solution in Eg. (50).

(i) Taking 7 =0 in Eq. (5), the equation reduces to the
classical Fourier heat conduction model [41] as given in
Eg. (51) with a solution in Eq. (52).

The key that was derived by Deshmukh et al. [41] for an
isotropic, homogeneous, elastic hollow is compatible with
the present thermoelastic solutions that were determined. In
this piece of research, a fractional-order constitutive model
and the classic continuity equation are brought together.
Recent research [47,48] shows that it is possible for a non-
Fourier constitutive model and a non-trivial continuity
equation based on the Boltzmann transport theory to coexist.
The findings demonstrate that the constitutive model and the
continuity equation are not independent of one another,
which is something that this work does not take into
consideration.

5. Conclusion

In this problem, the fractional Cattaneo model is derived
for studying the thermoelastic response for a finite thick
circular plate impacted by an assigned temperature. At the
same time, heat supply appears as a source in the energy
equation. The integral transformation theory is used to obtain
the analytical solution for the fractional Cattaneo and
classical Fourier models. The temperature distribution
dependence and its thermoelastic response on the fractional-
order parameter and relaxation time are studied for different
times and positions. It is observed that the fractional
Cattaneo model gives continuous temperature and thermal
stress variation irrespective of the fractional-order
parameter. It is also detected that the heat flux flows from
higher temperatures to lower for the fractional Cattaneo and
classical Fourier models. Based on the findings of this study,
we have come to the following conclusions:

1. The fractional parameter does have a substantial impact on
the various components. Somewhere along the line, the
fractional parameter will cause the variations to move in
the opposite direction. In contrast, in other places, it will
cause the amplitude of the variation to shift.

2. When looking at the stress component, the conductive
temperature, the temperature change, and the cubic
dilatation components, it is observed that the pattern of
changes consists of rapid descents and jumps.
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3. As the variations are studied, the thermal stress function,
the stress components, and the smooth face either grow
or decrease.

4. In the future, it will be possible to build such a
mathematical model for a transversely isotropic media,
and then it will be possible to investigate the changes.

5. Those who are engaged in studying thermodynamics and
thermoelasticity will find this model to be of great
assistance to them.

6. The solution to the problem can be applied to a two-
dimensional problem with a dynamic response caused by
a variety of thermal sources; this solution has a number
of geophysical and industrial applications.

Nomenclature:

a linear coefficient of thermal expansion (/°C)
x thermal diffusivity (m?s™)

k thermal conductivity (W/m.K)

Greek symbols

u  Lame's constants (GPa)

v Poisson’s ratio

p  density (kg/m3)

aij components of stress tensor
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