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Abstract

Some differential relations of inert wear- and attrition work mechanisms, derived in a parallel paper, are here
applied. The consideration of relevant and suitable boundary conditions is called for. For ductile- and brittle-type
target materials, one may often establish a direct- or proportional connection between the relevant sub-process work
mechanism — referred to as wear work or attrition work — and corresponding net resulting wear- or attrition rates.
Kinetic theory can be supportive in estimating model coefficients. In addition, additional thermodynamic
considerations may be necessary, in order to estimate behavior at extremum conditions. The direct connection is
demonstrated for the differential process of ductile wear, which encompasses most types of macroscopic-scale
ductile erosion and 2-body- and 3-body ductile abrasion situations. The direct connection is also demonstrated for
brittle erosion, and for impact wear. It is shown that the size effect on ductile erosion and abrasion — a hitherto not
understood phenomenon — can also be explained by this connection.

Keywords: Boundary conditions; wear mechanisms; attrition mechanisms; particle size.

1. Introduction

The prospects of developing a less empirical theory of
inert wear and attrition is investigated in [1].

A couple of different differential representations of
some basic modes of inert wear and attrition were proposed
in [1]. (Several other types of wear, described in the
literature, are not covered in the following.) One topic in
the present ancillary paper is to discuss ways in which these
differential mechanisms may be wused in practical
applications. One application of interest is the
implementation of these mechanisms in Computational
Fluid Dynamics (CFD) flow solvers.

The overall modelling problem needs to be split up into
two steps, where the first step represents the determination
of the relevant flows and forces (that may often be
computed in a CFD flow solver), while the second step
represents the determination of breakage or deformation of
the target material — utilizing the results of the Step 1-
calculation as model input, cf. Fig. 1. Cross-correlating
interactions between Step 1 and Step 2 may occur (if the
computation in Step 2 has impact on Step 1).

It should be noted that it is often not physically
consistent to apply a traditional model (such as the Finnie
model [2]), which in itself represents a combined (or
“bundled”) Step 1 and Step 2 computation, acting solely as
a Step-2 model. Errors that follow from this have been
discussed in Examples 1-2 in [1].

A differential Step 2-model of wear or attrition provides
the following advantage: In contrast to a macroscopic
traditional model, a differential Step 2-model need not
account for macroscopic transient phenomena. The problem
of modelling transient phenomena is a Step 1 modelling
issue. [To illustrate, Finnie stated that his macroscopic
single-particle erosion model fails to simulate the initial

period in time when a dense-particle jet impacts a ductile
target surface, a transient situation involving a kind of
“splashing” impact behavior of the jet (possible to simulate
in a CFD flow solver). Finnie found experimentally that
considerably higher instantaneous erosion rates must occur
during the initial period of a jet impact, in comparison to
the erosion rates occurring at the following steady-state
conditions. In [3] some simulations results are presented for
a transient-bubbling fluidized bed, which indicate much
higher erosion rates of internals at the initial stage of a
bubble wake impact, when applying a differential ductile
erosion model (proposed by [4]). In [5], also, much higher
instantaneous erosion rates were modelled in the initial
period of impact of a dense particle jet, supposedly in
agreement with Finnie’s observations.]

Operating parameters: geometry, load, rate, materials, etc.

Step 1: computation of flow

(computed from basic physical laws of multiphase
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Figure 1. Breakup of modelling into two separate steps, referred to as Step
1 and Step 2.
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2. Wear and Attrition Work

An alternative theory is presented in [1], where new
concepts wear work and attrition work are introduced —
derived utilizing a framework presented in [6]. It should be
noted that wear- and attrition work represents anything
from zero to a certain fraction of the total work. In many a
situations, it appears that wear work is much smaller than
total work.

Due to its definition, wear work is by default only
weakly connected with total work. To illustrate: wear work
may- or may not be proportional to total work. For instance,
wear work is zero, when total work (and accompanying
friction) is non-zero at process conditions below the wear
onset threshold condition. In addition, the wear work is
often difficult to quantify in magnitude when conducting
experiments.

The analysis in this paper indicates that for a number of
practical applications, an estimated wear work (or attrition
work) expression appears to provide a proportional or a
near-proportional correlation with net wear (or net
attrition). A direct consequence of this observation is that
due to the weak connection between wear work (or attrition
work) and total work, the connection between total work
and net wear (or net attrition) must be weak.

One key question in this paper is if there are any
theoretical advantages of adopting the wear and attrition
work concepts for practical applications? For instance, in
order to derive models?

Also, due to the complexity in quantifying the wear and
attrition work, another key question arises: what means
does one have to analyze these residual- or sub-process
work concepts?

A possible means to analyze the wear or attrition work
is by considering the supposedly proportional connection
between the sub-process work (i.e. wear or attrition work),
and the corresponding sub-process outcome:
wear = C x (wear work ) or attrition = C x (attrition work ) .

From these relations, a first approach would be to consider
the hitherto proposed models available in the literature (for
modelling net wear or net attrition) or published
experimental results. [In Appendix A, the Archard model,
applied for ductile abrasion, is compared with the Eulerian
ductile wear work expression. In Appendix B, the single-
particle Finnie ductile erosion model is compared with the
Eulerian ductile wear work expression.]

Another possible means to analyze the wear work or
attrition work is to consider various ways of estimating the
parameters incorporated in the basic Eulerian residual-work
expressions presented in [1]. For instance, for the ductile
wear  expression  involving  parameters  particle
concentration, particle-phase  viscosity,  slip-flow
coefficient, and flow gradients, all components which are
possible to individually estimate. One way to proceed
would be through dedicated experiments. Another way to
proceed would be to consider extrapolating results obtained
via the kinetic theory of gases relating to the behavior of
these specific parameters. Kinetic theory has been
successfully used in development of models for describing
particle-phase- (or “granular”-) flows, including particle-
particle- and particle-wall interactions, cf. relevant literature
in the scientific field of multiphase flows. In Appendix C,
the abrasive size effect in ductile wear processes is
investigated with support from order-of-magnitude
estimations obtained from kinetic theory.
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3. Conditions at Solid Surfaces
3.1 Assumptions

The assumptions for analytical treatment of processes
occurring in fluid elements are partly that the particle flow
— the assumed thermodynamic flow — can be represented by
a continuum flow, following a fluidization assumption. This
is assumed valid for a wide range of operating conditions,
which incorporate also abrasive flow in small gaps in case
of 3- and 2-body abrasion. Since the relevant irreversible
residual processes are derived by a “self-comparison”
procedure [6], the fundamental behavior of the derived
basic wear and attrition processes are nevertheless possible
to analyze as residual processes (i.e. non-linear, far-from-
equilibrium, non-continuum processes), even though the
thermodynamic flow is modelled as a continuum one.

However, in order to apply a continuum flow modelling,
one needs to introduce models and make additional
assumptions. In the following, the boundary-condition
model Eq. (1) in [1] is applied in all situations involving the
ductile wear process. This boundary condition is a good
approximation, as it in principle allows the modelling of
any averaged forces acting on the so-called gross contacting
area of the target surface, for any type of averaged flow.

In the derivations below, adherence should be made to
fundamental requirements that follow from
thermodynamics, which for instance would be the
requirement of bounded flow gradients, and non-zero fluid
element volumes. Possibly, modifications of nominal
models or introduction of new model assumptions may be
required in order to adhere to fundamental requirements.
Arguably, any modifications or assumptions made should
not result in alteration of the basic structure of the wear or
attrition mechanisms proposed.

The continuum- and fluidization assumption of the
particle flow provides an ability to compute different types
of averaged forces by means of fluid flow mechanisms (as
calculated in CFD flow solvers) — for instance the
computation of the averaged shear stresses acting across a
gross contacting area. The feasibility of analyzing the
averaged shear stresses acting across a gross contacting area
(the surface boundary of the relevant fluid elements) should
be considered.

A relevant question to pose, in this respect, is whether
the need for known conditions occurring on net contacting
areas is required at all? Surveying the literature, it appears
that ductile abrasion tests (including those reported by
Archard) are performed with a scratcher of non-zero contact
area. The discussion in the literature states that the real
forces acting on individual contacting/interacting/ploughing
tips in abrasion experiments are not known. Also, regarding
ductile erosion, Finnie claimed that the real forces acting on
the cutting tips in ductile erosion experiments were not
known — Finnie’s derivation only assumed that the ratio of
normal to tangential forces acting on the tip were constant
throughout the cutting process.

Lacking other alternatives, the analysis of averaged
forces acting across gross contacting areas, should to the
present view be validated by comparing present outcome
with corresponding experimental results.

3.2 Ductile Wear

The theoretically-derived Eq. (30) in [1], gives for the
case of ductile wear:
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W ductilewear +W transferirefiection +W friction +W ete. =

Wother,irr
= Iap(rp,Zl,proc - z'p, 21,noproc)J pldA
CS, wall
oc ductileerosionorabrasion (term (c))

ouU ouU
pl pl

= _[ ap(:up,proc_:up,noproc)_L_dA

CS,wall @2 BYZ

= I L(§SCVD, res |Surface }jA
CS, wall

(1a)

(Eg. (1a) is expressed in units W.) In Eq. (1a), we have

incorporated the mathematical function 5SCVD,reS|su ace

(units W/m®) — referred to as the residual shearing
components of the viscous dissipation, cf. mathematical
definition [5] — to simplify notation. (It should be noted that
for ductile abrasion all terms inside this function — extracted

at the wall — are zero except terms containing (au ot/ 8y2)2 :

and the same is practically also the case for ductile erosion.)
The literature has limited information on the behavior of
L, unless dealing with non-erosive gas molecular-solid-
wall impacts (cf. kinetic theory).
A dense-particle-flow ductile erosion model was earlier
proposed in [5]:

ductile erosion rate = C3S5cyp| (2a)

surface

This empirical model was proposed based on the
exclusion of apparently irrelevant terms in nominal total
work of surface forces components [5]. Although this
model is based on fundamentally different assumptions,
there are direct mathematical similarities between Eq. (2a)
and Eq. (1a) that make an association with current theory of
interest.

The differences between the empirical model proposed
in [5] and extant theory, can be summarized as follows:

(a) The particle flows are principally different in present
theory, than those assumed in [5], cf. Section 2.3 in [1].

(b) The energy balances accounted for in present theory
cannot be accurately accounted for in a nominal non-
erosion or non-attrition particle-flow solver as utilized by
[5] when applying Eq. (2a).

(c) Threshold phenomena are not naturally accounted
for in the model proposed in [5].

(d) The mathematical difference between the empirical
model Eq. (2a) and a corresponding theoretically-derived
expression based on wear work [cf. e.g. Eq. (2b) discussed
below], if identical particle flows can be assumed, involves
the composition of the model constant. For instance, Eq.
(2a) would then be mathematically identical to Eq. (2b) if:

Cs= KStrongL(/“p,proc_ﬂp,noprOC)/HZﬂP ®)

Despite principal differences, in situations where
particle-flow behavior can be assumed to be practically
indifferent to whether erosion (or attrition) is present or not,
the implications are that the theoretically-derived
expressions of the present work would yield similar dense-
particle flow erosion simulations as demonstrated in [5] —
the only difference being a model constant.
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Reformulating the theoretically-derived expression Eg.
(1a) into units W/m? one obtains:

L] L] L] L]
Woductilewear + Wiransfer/reflection + Wrriction + Wetc, =

Wother,irr

= |—5SCVD, 1es |y rface (1b)

or

(1c)

L]
Waductilewear o€ L55CVD, 1es |\ rface

Assuming a directly proportional correlation between
wear work and wear rate, one can set:

wear work rate

=C, (constant 4
wear rate 2( ) )

The local wear work rate, following Eq. (1c¢), may be
expressed as:

Wductilewear = C1L5chD, res | (1d)

surface

In order to assess the applicability of the theoretically-
derived relation Eq. (1d) for ductile wear situations (dense
particle-flow ductile erosion is already partly covered for by
results in [5]), it is necessary to validate Eq. (1d) for other
ductile wear situations.

In Appendix A the empirical Archard model is
reformulated into an Eulerian expression, based on total
work. Comparing the Eg. (1d) with the reformulated
Archard relation (applied for ductile abrasion), provides a
proportional connection between the Archard relation and
the introduced concept of wear work.

Hence, when introducing the proportionality

KS“""Q/H;(:Cl/Cz, cf. Appendix A, one obtains a

theoretically-derived expression which is capable of
reproducing Archard’s model (applied for ductile abrasion):

strong)

ductile wear rate = (2b)

Sscvo, |
SCVD, fes |, face

In Appendix B, it is argued that Eq. (2b) can also
reproduce the Finnie single-particle ductile erosion model.

3.3 Influence of Particle Size on Ductile Wear and
Ductile Attrition

Several experiments show the erosion or abrasion rate
as strongly related to the particle size [7], cf. Example 1.
[The particle-size influence was earlier described [8] as
“perhaps the single most puzzling aspect of the erosion and
abrasion of ductile materials®.]

In order to investigate the particle-size influence, it is to
the present author’s view important to investigate the
particle-slip behavior accounted for through the slip-flow

coefficient L, as well as the coefficient 1, oo — £p noproc

incorporated in Eq. (1d) (within the term JSscyp res )-

From the 1% law of thermodynamics, one obtains for
both erosive and abrasive flows:
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STATEMENT (A): The fundamental reason allowing for

L]
an irreversible shear work transfer Wshearsurface,ir at the

target surface is due to a slip-flow mechanism. Simply
stated, if there is no slip-flow mechanism at the target

surface, an irreversible shear-work transfer Wshear,surface, irr

cannot occur.

The slip coefficient L may differ between erosive and
abrasive flows. In the nominal partial-slip boundary
condition [9], cf. Eq. (1) in [1]:

ou
U, =L—2t 5
p.t an ©)
the slip coefficient:
Lnomz(ﬂjp/ﬁap‘/E (6)

represents the mean-free path of the particles [10], in case
the particles interaction with the wall can be characterized
as a “diffuse reflection”. The present author believes that
setting L~ L,,, following Eq. (6) gives a fairly good
approximation for dense erosive flows (i.e. flows with
strong particle-particle interaction).

It is here argued that setting L~L,,, according to
Eq. (6) is principally correct for 3-body abrasive flows. For
2-body abrasive flows, one may assume L=L,,,=P,
where @ represents the average gap width.

It follows from Eq. (6) that Locd,. (For 2-body

abrasive flows, L;dp.) Also, from Kkinetic theory, for

erosive  flows it follows that the coefficient
(,up’pmc—yp’nopmc)ocL (since upocl), which in turn

gives (fup,proc_rup,noproc)oc dp. In sum, one may from Eq.
(1c) — after expansion and re-grouping — state that:

Wauctitewear oc d )* x {flow gradients | (1e)
where the flow gradients are bounded in the vicinity of the
target surface. Equation (1le) is applied in Appendix C to
analyze the size effect of ductile wear.

Note: For the curves correlating the wear work with the
inert net wear rate, for different particle sizes, assume both
parameters C, and C, to be strictly constant (independent

of particle size). If parameter y is assumed to not vary
with the particle size, d,, then the coefficient K¢ will

become strictly constant (independent of particle diameter,
independent of wear work, as well as independent on
external total work). In contrast, if instead connecting the
original Archard relation to the experimental data, and

thereby extracting K" one finds immediately that the

coefficient K" displays a strong dependency on particle
size, as well as other experimental parameters, i.e.:

K weak _ Kweak(dp,wtotal,&---\} (@)
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For particle-surface attrition, literature results indicate
decreasing attrition rates with decreasing particle diameter.
This immediately follows at least for particles subject to
ductile attrition: Equation (5) provides an invariant
representation of the flow velocity which may be applied in
Eg. (34) in [1] in the vicinity of a solid surface. A
corresponding analysis gives:

Wauctiteattition o —d , x {flow gradients |? (8)

for dense flows, a relation having significant implications
for the analysis of attrition, cf. e.g. Section 3.4.

Returning to the issue of the approximate relation
L~L,,, following Egs. (5)-(6), however, there are a

couple of issues which may alter this picture:

First, any type of target-surface wear or particle-surface
attrition as a result of particle interaction with the target
surface will — to a lesser or greater degree — distort the
assumed conditions for the model in Eq. (6).

Secondly, the following observations can be made from
ductile erosion experiments:

OBSERVATION (A): For an erosive flow (single-
particle impact or an impinging jet flow) approaching 90°
impact angle, where U, —0, experimental results

indicate that L > 0.
OBSERVATION (B): A free-slip flow, used in modelling
of potential flows (assuming zero viscosity of the fluid

ou
medium) where the boundary condition is set to a—pt =0
n

but U, =0, requires L —oo. [In this case, no shear work-
transfer can occur at the target surface, neither reversible

(Wshaft,rev ) nor irreversible ( Wshear, surface, irr ).]

In experiments [11] it was found that the erosion ripple
phenomena occurred with strongest erosion rate at low
angles of macroscopic jet impact. However, the erosion
ripple phenomena apparently ceased to occur when the
angle of impact was further reduced, and approached near
zero (i.e. when the jet flow was almost parallel to the target
surface). This latter condition resembles a free-slip
condition where L —oo, i.e. where erosion cannot occur
(according to Observation (B)).

EXAMPLE 1: For single-phase gas- or liquid fluid
flows in traditional fluid dynamics, the mean-free path L is
so small that it is normally neglected at solid boundaries,
i.e. Eq. (5) is replaced with a so-called no-slip boundary
condition assumption, U=0, which directly amounts into

W surfacesir =0, according to Statement (A). Hence, ductile

erosion or abrasion cannot occur. It is widely accepted in
the field of wear that general single-phase gaseous or liquid
flows do not generate ductile erosion. However, the wear
literature often attributes this result to a matter of “hardness
of the abrasives”, where it is stated that the abrasive or
erosive particles must inhibit a hardness greater than that of
the target surface in order for ductile erosion to occur.
While this condition applies for the majority of erosion and
abrasion processes, it does not apply for SIMS (Secondary
lon Mass Spectrometry) experiments: lons — which do not
inhibit any hardness at all — do create ductile erosion, since
irreversible shear-work transfer can be obtained (above a
certain threshold) when the specific ion-bombarding
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conditions are applied. The slip-flow in the vicinity of the
target surface must exist for erosion to occur in SIMS
experiments, and the combination of a strong particle-
particle interaction in the vicinity of the target surface,
together with a slip-flow along the target surface, will
eventually generate a slip-roll mechanism, resulting in the
formation of erosion ripples on the target surface, cf.
wavelength analysis in [6].

3.4 Ductile and Brittle Attrition in a TMP Wood Chip
Refiner

A TMP refiner [12-15] is a grinder, mechanically
processing wood chips into paper fibers. At the inlet, wood
chips are fed to the grinder, which are then processed
mechanically while water is injected at the inlet. Saturated
steam exits from both inlet and outlet. At the outlet, paper
fibers are ejected. The gap width ®=ad(r), a parameter

critical for the refining process, is large at the inlet and
decreases towards the rim of the refiner, typically of the

order ®ocr™™, where x>1. Two distinct zones exist: a
coarse pattern zone at lower radii, and a fine pattern zone
towards the rim of the refiner. Most attrition work (per unit
area) is obtained in the fine pattern zone, approaching a
maximum work towards the rim of the refiner, i.e. at the
exit zone. The refiner is run continuously over a time-
period of 7 weeks — the time it takes to wear down the
refiner plates.

The stationary 1D flow conditions versus radius can be
modelled [12], assuming circular symmetry — for the three
involved phases saturated steam, saturated water and dry
wood. The following expression:

Wres, av = Wproc,av—Wnoproc,av (9)

was empirically proposed [12] as a model for averaged
“defibration” work (here referred to as attrition work) at

L]
radial position r. The process work Wproc,av (referred to as

“total” work in [12]) was experimentally determined
through recording of averaged shear stress versus radius (a
refiner operates at typically 3.000 or 3.600 r.p.m. with net
total work consumption around 10 MW). Heat is negligible
in this process. The corresponding average no-process work

Wnoproc,av (referred to as “thermodynamic” work in [12])
was experimentally determined through recording of
temperature versus radius, assuming dry wood acting as an
incompressible pure substance [16], without considering
energy of surfaces or -deformation for the dry wood
particles (or for the metal bars of the grinding disks, subject
to abrasion wear). The mathematical difference between

process work and no-process work (for identical
thermodynamic flows) gives the defibration work

Wdefibration = Wres,av  Versus radius, cf. Fig. 2, i.e. the net
particle attrition work (including plate wear work) at radial
position r. Implementing balance relations for flow for the
three phases, in terms of mass balance (continuity), energy
balance (1% law of thermodynamics), and entropy balance
(2" law of thermodynamics) for the open control volume
represented by the slice r to r+dr and local minimum
gap width @(r), and one additional relation to close the set

of equations [12], the radial flow of the three phases vs.

Int. J. of Thermodynamics (1JoT)

radius can be determined rather accurately [the simulated
“consistency” (a measure of amount of saturated water
remaining inside exiting fibers) agreed within typically 1-
2% compared to corresponding experiments, also at time-
varying operating conditions.]

The relation Eq. (9), which provides net total defibration
work starting at typically 15% (25% according to Fig. 2 and
[13]) of total work input to the grinder, and gradually
decreasing to typically around 5% (10% according to [13])
towards the end of the life-time (approximately 7 weeks) of
the refiner plates, due to wear-down of the same [14-15].
This indicates that only a small fraction of total work input
to the TMP refiner actually results in attrition work. A
consequence of the wear-down process is that the originally
sharp bars tend to round, resulting in a gradual decrease in
the overall frictional performance of the plates (in the
rotational direction), cf. Fig. 3. To compensate for this, the
normal pressure applied on the refiner disks is gradually
increased to maintain an overall time-averaged frictional-
shearing work. When increasing the normal pressure the
gap width gradually decreases — a decrease which has

drastic impact on @ oc r™* | in particular in the fine pattern
zone near the rim of the discs. In effect, the gap width
decrease can be correlated with an increase in the variable
x. Eventually, when the plates are fully worn out, plate
clash occurs.

100
Time [s] 150

0.55

’ 05 Distance from
200 045 )
04 refiner center [m]

Wyer [MW/m?]
N w B

g 075
0.7

oo

g 06
& 055
05 Distance from

943 refiner center [m]

150
Time [S] 200

04

Figure 2. Total work (top) and defibration work (bottom), cf. [13].

Experiments indicate that attrition occurs only on few
occasions, and at a few positions, cf. Fig. A3 in [6].
Monitoring a particle trajectory, one finds that a particle
circles the grinder approximately 10 rotations, from inlet to
outlet, which means that a particle passes approximately
2000-4000 bars in the grinding process (depending on the
grinder geometry and plate gap). Since dust is not generated
in this process — which would be the case if bar passage
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contributed to a so-called “erosion attrition” mechanism
(erosion of particle surfaces) — it is reasonable to assume
that a particle breakage will break a typical particle into
two, each with a diameter of between 50/50% or 80/20% of
the original particle — a geometric average of 63%. In each
dimension, to break down a particle from initial dimensions
of 25 mm x 20 mm x 4 mm (a typical wood chip entering
the inlet), to a paper fiber with a length of 5 mm, width 0.5
mm, and height 0.5 mm (at the outlet), requires
approximately 4 x 8 x 4.5 = 144 breakages, i.e. a breakage
rate of approximately 3-8%. In effect, breakage or
irreversible deformation occurs at every 13" to 30" bar
passage, a fairly low rate, and confirms the notion of
attrition only occurring at spot-wise locations. If multiple
breakages occur at the same bar passage, for instance when
flocculation patterns form [6], the zones of attrition occupy
an even smaller area fraction of the total TMP refining zone
cross-sectional area. The attrition process in a TMP refiner
is hence concluded not to be a continuous one.

If the attrition process occurs in a non-continuous
manner, one may assume that it does so in small zones. Is it
possible to estimate the local forces and stresses occurring
in these?

To analyze this, consider the average experimentally-
recorded shear stress, in the rotational direction, across a
refiner disk versus radius. Experiments indicate 7, ocr .

L]
Furthermore Wproc,av = 7 XU, =7, X @I oc r?, where U,

is the local rotational velocity at radial position r, and @
is the angular velocity [radians/sec].

For ductile attrition, Eg. (8) indicates flow gradients, i.e.
local stresses required to break particles having a diameter
dp , requires:

L]
[Wductileattrition,irr J =
av

=—[ .| Wauciiteattition.i av
Y J.CV( ductileattrition, irr
cv

]break.spos

! H 2
* ZV—.[CV,spots(dp x {flow gradients} }jv (10)
CV,spots
Since:
[Wattrition,irrj o r? 1)
av

(regardless of attrition being ductile or brittle, a valid
relation throughout the life-time of the disk plates [12]), one
may, based on estimation of flow gradients — incorporating

the gap width Docr™* - estimate
(rduct“eamitionm )av.break'ws, where Xx~1 for the initial state

of the refiner (when ductile attrition is dominant) and x >1
when the pressure over the refiner disks is increased
resulting in a smaller plate gap towards the rim of the
refiner (when brittle attrition increases while ductile
attrition decreases).

For ductile attrition in a TMP refiner, experiments
indicate that the wood chips and paper fibers are fairly
evenly-distributed across the refiner disc, at least initially,
cf. Fig. A3 in [6].

44/ Vol. 18 (No. 1)

As the refiner plates are gradually worn down, the net
attrition work is continually decreased. However, as the net
ductile attrition is significantly reduced, the net brittle
attrition increases. Gradually, flocculation patterns, starting
with several modes, emerge. Initially, these are hard to
observe experimentally. However, when the number of
modes gradually reduce, they become more dominant in
experiments, cf. Fig. A3 in [6]. In these flocculation
patterns, brittle attrition will occur. Towards the end of the
life-time of the refiner plates, essentially only brittle
attrition will occur: The stage at which 3-mode flocculation
pertains, will after further wear-down of the refiner plates
result in a 2-mode flocculation pattern, requiring yet again a
normal pressure increase, cf. [6]. Soon, toward the end of
the plates’ life-time, any additional wear-down and further
pressure increase beyond this point will cause plate clash,
i.e. the TMP grinding process must be stopped, and the
plates replaced by new ones.

Regarding forces at play within a bundled flocculation
pattern, where brittle attrition occurs, considering the
comparatively small volume occupied by the flocculation
pattern, together with a reduced friction force (due to the
wear down-, smoothening- and polishing of the refiner
bars), an order-of-magnitude modelling would find that
large particle-particle pressures (and corresponding large
pressure gradients) exists within the flocculation zone
amounting to brittle attrition. [The ease at which wood
chips/fibers mixture apparently slip across polished bars at
the final stages of the worn-down TMP refiner plates
lifetime is sometimes depicted as a “soap-like” behavior of
the multiphase pulp-fiber mixture, among scientists
working on TMP wood chip refiners.]

. A
U=(U};,0)
Y2
T_}‘/ 7 7
(Static rotor

side)

Figure 3. Attrition in a TMP wood chip refiner in the fine pattern zone,
near the rim, can be characterized as ductile attrition when refiner bars
are sharp (left). The abrasive ductile wear rate along the bar surface (in
the rotational direction) is highest at the front edge, and lowest in the
center-rear region. The rear edge has a higher abrasion rate than the
center-rear region. (Experiments on normal- and shear forces vs. time are
available in the Pulp & Paper literature, which provide a Lagrangian
picture of force variations during bar passage. These experiments confirm
that normal- and shear forces attain a maximum at front edge passage.)
Later, when the refiner bars are worn out (right), overall abrasion is
similar across the refiner bar. At this stage, brittle attrition will occur. A
gradual change in attrition behavior can be observed, from the state of
fresh plates (left) to the state of worn-out plates (right), by studying the
statistical particle-size distribution of the produced fibers [6].

3.5 Deformation Wear

A special case of irreversible viscous work transfer is
illustrated in Fig. 4 in [1]. Here dissipation is caused by the
normal work components of the stress tensor (not requiring
a slip flow) which may result in deformation wear in the
form of brittle erosion (for brittle-type solids) or work-
hardening (of ductile-type solids). If so, an irreversible
work transfer to the target surface — through a normal-
direction momentum exchange on the particle scale — takes
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place, in conjunction with exhaustion of particles’ kinetic
energy.

The irreversible work transfer for normal-direction
momentum exchange (also on the particle scale) is
proportional to the irreversible work from the specific
components of term (c)-type wear in Eq. (30) in [1] which
relates to indentation according to Fig. 4 in [1]. For the
following analysis one may assume the bulk viscosity of the

particle phase &, =0. For an indenting tip which may
irreversibly indent the target surface through a momentum
exchange, it is in turn reasonable to assume d,U; =0 at the

boundary. Also, for an irreversibly indenting tip of a
particle, a crude analysis (in the vicinity of the target
surface) of the velocity reduction [from pre-impact speed

u, =—|Uimpact| at the instant the tip of the particle touches

the target surface, to speed zero when the tip has
irreversibly penetrated the target surface a short distance
AY; =—Aingend, an indentation or penetration distance

which can be assumed to have a small dependency on

UZ:_|Uimpact|’ say Ay,(U,)ocU,[", where 1>>n>0]

results in a crude approximation o,U, zZZU‘zl’n at the
boundary, where Z, >0 depends on the average sharpness
and/or sphericity of the indenting particles, as well as on the
hardness of the target surface. From this, one may extract a
boundary condition: U, ~(9,U,/Z, V™ in the vicinity of
the target surface.

Hence, from these approximations and assumptions,

when applied in the theoretically-derived expression Eg.
(30) in [1], gives:

L] L] L] L]
W deformation wear+W transfer/refiection +W friction +W etc, =

Wother,irr

1 }2-n)/2(17n)

T 7 j(5NCVD, res|

. X Zp CS, wall
in thiscase

dA (12a)

surface

where Z,>0 in addition to average sharpness and/or
sphericity of the indenting particles and hardness of the
target, also incorporates a small dependency on components
ap and /‘p,proc_/up,noproc-

In Eg. (12a), we have incorporated the mathematical

function 5NCVD'reS|surface (units W/md) — referred to as the

residual normal components of the viscous dissipation, cf.
mathematical definition [5] — to simplify notation. (It

should be noted that all terms inside 5NCVD'res|surface in Eq.

(12a) — extracted at the wall — are zero, except terms
containing (6’U2/8y2)2 .) (Equation (12a) is expressed in
units W.) The local action of Eq. (12a) in units W/m?:
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Wdeformation wear+ Wtransfer/reflection + Wiriction + Wetc, =

o
Wother,irr

1 2-n)/2(1-n)
~ Z_p( NCVD,resLurface} (12b)
or
" 1 2-n)/2(1-n)
Wodeformation wear C Z_p (5NCVD, res |surface}
(2-n)2a-n)
4 2
(3 ap (/up,proc - :up,noprocxazu 2 ) j
= (12c)

Zp

surface

In [5] it was demonstrated that the empirically-proposed

(and mathematically similar) expression C-5NCVD|su ace

can approximately model deformation wear.

In case n=0, and for similar particle flows, one will
find that the practical difference between the theoretically-
derived expression Eq. (12c) and the empirically-proposed

model C -5NCVD|Surface is only a model constant.

Fundamental differences exist on different modelling
assumptions made in [5] as compared to modelling
assumptions made in the present work. These are listed as
points (a)-(d) in the discussion that follows Eq. (2a).

Perhaps of interest, when n=0 one may replace 0,U,

with Z,U, in Eq. (12c), which provides an alternative

expression that confirms the findings in Example 5 in [1].
In sum, it appears that the theoretically-derived

expressions Eqgs. (12a)-(12c) represents a Step 2-model

which has a capability of modelling deformation wear.

3.6 Impact Wear

Consider a transient liquid impact erosion process,
starting at time t=0. Study the process at t >0 following
a collapsed gas cavity in a liquid-gas flow, or an impacting
liquid in a gas-liquid flow. On the fluid side of the target
surface, in the vicinity of a fixed target surface position, the
gaseous phase (or so-called “voidage” in the field of
multiphase flow), which was present just prior to impact at
t <0, disappears at t =0, and is replaced by a liquid phase
which exerts mechanical work transfer in the form of shock
work. Beyond a certain threshold level, an irreversible
indentation- or fracture process occurs, resulting in impact
wear, cf. Fig. 5in [1].

It is a widely-accepted experimental result that the time-
integrated energy of reflecting waves (which can be
estimated using an acoustic recorder, located at a distance
from the target surface) is often proportional to the net
impact wear, when studying cavitation erosion. (This
experimental correlation is arguably only observed at
conditions above associated threshold levels.)

The theoretically-derived impact wear expression
Eqg. (31) in [1], when time-integrated, can also be correlated
with the time-integrated energy of reflecting (or through-
propagating) waves, when assuming the impact wear work
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to be directly proportional to the shock wave work (i.e.
neglecting the influence of thresholds):

—J.V.Vpressure,surface,irr dt= —J.Ol(Pp,OC - Pno proc)v -Udt
o [a = =1]oc =[PV - Udt

[transient equation of continuity: p
=lo =|—dp
§=—V'(pU)E—pV'U fp

[ Def.
_| 9P =c?>>1=dP>>dp ;idep
_dp S,p=p0 P
[ dp] 1 ¥ AP)?
- dp=_2}=_2jpdp=%sgpot (13)
L (S R G 2pC

where p is the fluid density, C is the speed of sound in the
fluid, and &, is the potential energy density of the shock

wave. Hence, the time-integrated net impact wear work in
Eq. (31) in [1] is proportional to the time-integrated energy
of the reflecting shock waves, i.e. proportional to the impact
wear, in agreement with experimental results. In order to
obtain a model coefficient, and associated threshold, the
author believes that one must necessarily perform
correlating experiments.

4. Conclusions

Different aspects on connecting the theoretically-
derived differential expressions of wear work or attrition
work, to corresponding net wear or net attrition, have been
presented and discussed.

It was found necessary that one consider suitable and
relevant boundary conditions, in order to achieve correct
modelling of net wear or net attrition.

At extremum conditions, it may be required to fine-tune
some approximate nominal flow models, such as boundary
conditions, in order to follow basic thermodynamic
requirements. Arguably, this should be done without
altering the basic structure of the process mechanisms.

The assumed direct proportionality between sub-process
wear/attrition work and sub-process outcome (net
wear/attrition) is demonstrated for several cases. With the
present approach, overall modelling of attrition in a TMP
refiner is significantly improved. Also, directly from a wear
work mechanism, one may compute ideal Finnie erosion,
Archard abrasion, and also explain the particle-size
dependency behavior on ductile wear. Also, a theoretically-
derived impact wear differential mechanism will — when
time-integrating across an impact wear process — result in
net wear which is directly proportional to the potential
energy density of reflecting waves. This is a correlation
which agrees with experimental observations.

Furthermore, an important role of kinetic theory was
found — implicating a dependence on particle dynamics. If
experimental behavior is not known, one may utilize kinetic
theory to roughly estimate the behavior of particle
viscosity, or the slip-flow parameter.

Analysis of ductile attrition in a TMP wood chip refiner
shows that attrition occurs spot-wise by necessity, and
hence not in a continuum manner.
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Nomenclature

A gross contacting area ( mz)

c speed of sound in fluid (ms™?)

C general model constant

C, model constant defined in Eq. (1d)
(kgm*s?)

C, model constant defined in Eq. (4)
(kgm™s?)

Cs model constant defined in Eq. (2a)
(kg—l m2 S2)

C, model constant defined in Eq. (B1)
(s>m?)

Cs model constant defined in Eq. (B2)
(sm™)

C,,Cg,Cc, . .

ArTBrC non-dimensional model constants

CD y CE y CF

CS, wall wall side of control volume surface

CV, spots local control volume where discrete
breakage/deformation of particles occurs

d, mean particle diameter, or mean diameter
of abrasives (m)

E energy (J)

Fe tangential force applied by abrasives
across a gross contacting area A (N)

Fu normal force applied by abrasives across

a

gross contacting area A (N)
H hardness (N m™2)

K strong wear coefficient, defined by
KM =CHy/C, (Nm™)

I Weak wear coefficient used in relation between
total work and wear rate, defined in Eq.
(A1) (-)

L slip flow coefficient (m)

Lang correction coefficient of L., (-)

Liom nominal slip flow coefficient (m)
mass (kg )

ductile erosion target surface mass loss
per impacted particle (kg )

real number variable ( -)
surface unit normal vector (-)

number of particles per second (s*)

static pressure (N'm?)
radial position in TMP refiner (m )

Myyctileerosion

= U =z 5 5
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L]
Wdefibration
Wductilewear

L]

W ductilewear

Wetc.

L]
Wetc.

L]
Wrriction
.
W friction

Wother,irr

L]
W other,irr
L]

Wpressuresu rface,irr

Wsurface,irr

Wiransfer/reflection

W transfer/reflection

X

Y1, ¥2: Y3
2,2,

Greek letters
(04

Qg
D

5NCVD

slid distance in Archard model (m)
time (S)
Cartesian component i of mean velocity

vector of phase k (ms™)
mean velocity vector of phase k (ms™?)
mean (slip) velocity vector of phase k at

the surface (ms™)
particle nominal impact velocity (ms™)

slip velocity at the surface (ms™)
wear volume (m®)

work rate transferred at surface
(W/m?), or work rate exerted by fluid
element (W/m?)

defibration work rate (W/m3 )
ductile wear work rate (W/m?)

ductile wear work rate (W)

non-specified type of work rate (W/ m? )

non-specified type of work rate (W)

wall friction work rate (W/m2 )
wall friction work rate (W)

other types of irreversible work rate
(W/m?)

other types of irreversible work rate (W)

irreversible pressure work rate transferred
at surface (W/m? )

irreversible work rate transferred at
surface (W/m? )

shock wave transfer/reflection work rate
(W/m?)

shock wave transfer/reflection work rate
(W)

real number

Cartesian co-ordinates (m )

model coefficient

particle motion pre-impact angle (-)
average occurrence of phase k (-)

gap width in 2-body or 3-body abrasion
experiment, or minimum local gap width
in TMP refining process (m)

normal components of the viscous
dissipation term for the particulate phase

(Wm™), cf. definition in [5]
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0 NCVD,res

ESCVD

S I

T ij

Subscripts
av

f

k
no proc

sub-

p
proc

region
res
surface

Special notations

A()
v()
()
),
()

0,0,

D()/Dt

Q.

—_—

surface

residual components of Sycyp (Wm?)
shearing components of the viscous
dissipation term for the particulate phase
(Wm?3), cf. definition in [5]

residual components of Sgcyp (WmM?)

non-zero surface roughness, assumed
1-10 micrometers (m)
potential energy density of shock wave

(Nm™?)

particle sphericity (-)

dynamic viscosity of phase k
(kgm™s™)

density (kgm™)

shear stress (N m™2)

Cartesian shear stress tensor of phase k
(Nm?)

components i, j of tensor z'=k (Nm™2)
ratio of tangential- to normal force acting
on gross contacting area A, y=F/Fy

()

average
fluid phase

phase index
at process conditions without specific

process “proc”
particulate phase, or individual particle

at process conditions including specific

sub-process “proc”
confined region

residual process
specific surface

difference
gradient
differential

isentropic conditions

conditions in vicinity of surface
differentiation i,i

1 0Y2
substantial derivative [e.g. following the
scratcher position in an Archard
experiment (Lagrangian view), which can
be re-expressed in terms of fixed-wear
position (Eulerian view) on target surface
following the relation

D()/Dt=a()/at+(U-vX)
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Appendix A: Empirically-Obtained Archard Relation
Reformulated Into an Eulerian Expression
The empirical Archard relation [17-19]

V =K"F s/H , is analyzed for ductile materials, where
Fy is the normal force applied by the abrading particles (or

contact point for 2-body abrasion) across a gross contacting
area A (the forces in play on the net contacting area are not

known), KWK s an empirical (non-dimensional) abrasive
wear coefficient, s is the sliding distance, H is the
hardness of the abraded (target surface) material, and V is
the abraded wear volume.

This weak relation, a Lagrangian expression, can be
reformulated into an Eulerian expression for a fixed target-
surface position, correlating wear rate proportional to total
work rate:

weak
wear rate [m/s]= %(VXJ = %(%J
7

at fix position

continuous
flow

assumption weak weak
w0 (KRS ) of KR
ot AH AH
=0
KweakFN Def.
:Tuslip =|Fe = 2R

Kweak Euslip ~ Kweak
H A y Hy

weak

TUinp

(A1)

: (total work rate [W/ mz])

The coefficient y represents the ratio of tangential-

versus normal force acting on the gross contacting area.

Earlier, a strong relation between wear rate and wear
work was argued for, cf. Eq. (4). Inserting Eqg. (1d) into Eq.
(4), one obtains:

wear rate [m/s|= Ci : (Wear work rate [W/ mz])
e — 2

at fix position

C
= (C_ij LaSCVD,res|

=CL&
C1Lldscvp, res‘smace

(A2)

surface

One may assign C;/C, =K™"9/Hy where H and
x are identically same numbers as in Eq. (Al), which

renders the non-dimensional wear coefficient K®""9
(numerically different than K V&),
Hence, one obtains the following strong relation:
strongL
wear rate [m/s]= '5SCVD'"35|surface (A3)

at fix position

Since the wear rate in Eq. (Al) is identical to the wear
rate in Eq. (A2), one may directly associate the original
Archard relation to the wear work through the following
expression:
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(A4)

surface

R KweakI:NS . KstrongL s
- SCVD,
Dt| AH Hy e

Arguably, 2-body and 3-body abrasion can be directly
connected with the wear work rate.

Appendix B: Newtonian/Lagrangian Finnie Single-
Particle Ductile Erosion Model

The Finnie single-particle ductile erosion model [2] is a
model, which albeit being derived employing a
Newtonian/Lagrangian approach, presents the net integrated
erosion at a fixed position (vicinity of the impact point) on
the target surface, in terms of a mass loss of the ductile
target surface per impacted particle:

Myuctileerosion = C4mpUn.i.v.2 fCt((Z) [kg/particle] (Bl)

where 0< fet(e)<1 describes the angular behavior of the

net erosion. Hence, since Eq. (B1) already presents the wear
at a fixed position, there is no need to make any dynamic
transformation from the Lagrangian framework to the
Eulerian framework. However, in order to make a valid
comparison of Eq. (B1) with the general Eulerian model
Eg. (2b), it is required that a corresponding Eulerian
representation of Eq. (B1) should be compared with Eq.
(2b) (when applying a representative and corresponding
flow as model input for Eq. (2b)).

Equation (B1) can for this purpose be reformulated in
terms of a target surface erosion rate for a steady rain-type
flow of impacting particles. To proceed, consider a Finnie
experiment being performed in a confined volume Vigion,

for erosion of an inclined plate having a surface area
Aurmace » With a rate of N particles per second (the particles
do not interact with each other), impacting at velocity

U,iv., with impact angle «. For this experimental

configuration, one can setm, « p,d ® and ap o Ndp3.

p
The removal rate per particle is
Vsurface = mductileerosion/psurface .

An Eulerian erosion-rate
version of the Finnie single-particle erosion model can then
be outlined as follows:

volume

V,

erosion rate [m/s]= %[ A:urface )
urface

_ NC4mpUn.i.v.2 fCt(a)

Asu rface Psurface

P 2
:CE{ P Japun.i.v. fCt(a)
Psurface

(B2)

The Eulerian Finnie-erosion rate model Eq. (B2) applies
for a rain-type erosive impact over the entire target surface,
with no particles interacting with any other particles during
the process. Also, reflecting particles do not interact with
incoming particles.

In order to compare the general model Eq. (2b) with the
Eulerian representation of the Finnie model Eq. (B2), it is
necessary to obtain an Eulerian representation of the
specific flow conditions assumed by Finnie, to be applied in
Eqg. (2b): In the vicinity of the wall, a chipping motion [2]
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of a protruding tip of the impacting particle into a ductile
material is in the Eulerian framework comparable to a sum
of two flow components: a contribution from the inflow as
well as a contribution from the reflecting flow:

U P,t| :1(1+b(a)pn.i.v.cosa (B3)

surface ~ 2

The component 0<b(e)<1 accounts for the reflection
flow contribution to the averaged slip-flow velocity at the
wall, taking into account the exhaustion of the tangential
particle velocity due to the tangential-direction cutting-
motion kinetic energy loss. Finnie observed an erosion
maximum around 17° for many materials, which provides
information on b(e). Finnie assumed complete exhaustion

for impact angles above (approximately) the erosion
maximum impact angle, which means that b(a)=0 when

a>17°, ie. corresponding to a diffuse reflection of

particles for «>17°. To obtain the case L—oo at 0°
impact [according to Observation (B)], it is necessary to set
b(azoo);l. According to Finnie, between 0° and 17° the
particle cuts into the ductile material — the tip travelling in a
parabolic manner, cutting through the target surface — and
the particle leaves the target surface with a not completely
exhausted kinetic energy. Consequently, the particle leaves
the target surface with a tangential velocity magnitude
statistically greater than zero. A crude model, in order to
study the angular behavior of L, can be obtained by

approximating  b(a)= (170 —a)/l?o for 0°<a<17°.
Inserting Eq. (B3) into Eq. (2b) (and utilizing Egs. (5)-(6)),
one obtains the following result from the general model Eq.
(2b):

erosion rate [m/s]=

term B

ap(,up,proc_xup,noproc) U 2
4Lnom n.i.v

o, {«Hb(a»cosaf}

term A
—
K strong

(B4)

Lang (0{ )

(Cy)t x wear work

where L(er)= Lyomlang(@). For different impact angles, one

may assume that term A is constant, following the
assumption on a directly proportional correlation between
wear work and net wear rate, cf. Eq. (4). From this,

arguably K®™" js constant for different impact angles
following Eqg. (4) and Finnie’s own assumption of a
constant y (i.e. constant ratio of normal to tangential

forces acting on cutting tips of abrasives) in single-particle
erosion processes (irrespective of impact angle and whether
exhaustion of the particle’s kinetic energy has occurred or
not) — an assumption which provided Finnie with excellent
agreement with corresponding experiments. Comparing Eq.
(B4) with Eqg. (B2), one can note that the only component
which  influences  angular  dependency  requires

(@+b(a))cos &) /Lug(a)= fet(a) from which Lyy(a)

can be determined through experiments, or directly
calculated from the ideal Finnie model or similar model. It

Int. J. of Thermodynamics (1JoT)

can be shown that Lang(a) follows Observations (A) and

(B), when inserting the fct(cr)-curve (which is obtained in

experiments or from the Finnie model), cf. Fig. B1. It can
be noted that for a ductile material having a different angle
of maximum erosion, a modified b(e) for Eq. (B3) can be

implemented.

1.0 2.0

0.8 1.6

0.6 § 1.24
3 3
R, 04 0.8

0.2 0.4

0.0 : : = 0.0 . ,

0 30° 60° 90° 0° 30° 60° 90°
a a

Figure Bl. Plot of fct(a) representing Finnie model for single-particle
impact erosion of ductile materials (left), and corresponding plot of Lang(a)
(right). The ideal Finnie model (hashed line) can be represented by

fet(a)=3(sin2a — 3sin’a) for 0< a< ao and fct(a)=cos®a for op< a<90°,

where a;=18.43°. According to the literature, the ideal Finnie model works
well for small angles of attack, but underestimates ductile erosion for
larger angles. Several models are proposed in the literature to improve
modelling of ductile erosion at larger angles of attack. The full line (left)
represents a small correction of the ideal Finnie model according to

Jet(a)=cos*a + 0.01sin*5a for ap< a<90°, and corresponding plot (right)

of Lang(@). Any ductile erosion angular dependency, for single-particle or
any dense-particle jet streams, has a fct(o) for which a corresponding
Lang(@) can be plotted. The general ductile wear model Eq. (2b) models
ductile erosion with identical results to the ideal or adjusted Finnie model,
when the Lag(a) curves are known. It should also be noted that
Observations (A) and (B) apply, with the exception of the ideal Finnie
model at higher angles of impact, where Lag(@)=1. 4 correction of the
ideal Finnie model, as well as experimental results for erosive flows,
indicate that Lang(c)—0 when a—90°.

Hence, one obtains Lyq(cr) which applied in Eq. (B4)

provides a model which applies for most single-particle
ductile erosion situations.

Comparing Eq. (B4) (which originates from the general
model Eq. (2b)) to a comparable erosion-rate expression of
the Finnie model, Eq. (B2), allows us to equate the
coefficients:

K Strong

Pp
[psurface j 4Hxlnom p.proc - /7p.noproc

(B5)

Hence, the general ductile erosion model Eqg. (2b) also
has the capability of modelling single-particle ductile
erosion.

Appendix C: Size Effect on Abrasion and Erosion of
Ductile Materials

It is believed possible to estimate the size-effect by
conducting an order-of-magnitude analysis of Eq. (1e),
assuming a directly proportional correlation between ductile
wear work and net ductile wear rate.

Consider the geometrical constraints in the abrasion
experiments illustrating the size effect. In the literature are
presented x-y-graphs, in which experimentally-recorded,
and normalized, wear is presented on y-axis, vs. particle
size as on x-axis.

Arguably the gap width in an abrasion experiment is of
crucial importance — a gap width that provides a connection
with the involved (bounded) flow gradients. Since the gap
width is not reported in the relevant experiments in
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literature (since experimental apparatus are not designed to
maintain constant gap when testing different-size
abrasives), a simple assumption on the correlation between
size of the abrasive and gap width can be assumed, based
on assumptions on the operation of the experimental
apparatus utilized. [Note: A fundamental 1%-law
requirement is that a flow gradient needs to be considered
for the case of 2-body abrasion. Arguably, a fair measure of
the flow gradient is to consider the relative velocity
between cutter and target surface, U, divided by the gap
width, @, i.e. 0U/dy ~U/®, as a relation representing the

flow gradient. This assumption is utilized below.]

For the case of erosion, where a gap width cannot be
defined, instead the (bounded) flow gradients are of
concern. As shown below, the behavior of flow gradients
differ if the erosive particle flow is dilute, or dense. These
differences arguably influence the apparent normalized size
effect on erosion.

Other geometrical constraints involved would be the
influence of possible surface roughness, and shape of the
abrasives.

For erosion and 3-body abrasion, one may consider an
influence on the surface slip-velocity.

If conducting an order-of-magnitude analysis, whereby
a bounded flow gradient is expressed in terms of the other
above, highlighted parameters (following the geometrical
assumptions illustrated in Fig. 1 in [1]), arguably the
following flow gradients can be roughly estimated:

For 2-body and 3-body abrasion, with a gap width of
@ , the flow gradient can be expressed as:

flow gradient =U /(@ +¢)=U/(d, +¢)

=CeU/(Cgd, +¢) (2-body)  (C1)
or

flow gradient =U/(® +¢)

=(U-20g,)/(Csd, +¢)

=CeU/(Cgd, +¢) (3-body)  (C2)

where Cz =1 and Cg =1 for 2-body abrasion, and Cg >1
and O<CE(dp)<l for 3-body abrasion. The coefficient

C may for 3-body abrasion display practically fixed value
with varying particle size. Alternatively, the coefficient Cg
may for 3-body abrasion decrease slightly with increasing
particle size, indicating an increase in relative slip velocity
with increasing particle size. [Note: the fundamental
requirement of bounded flow gradients, and also non-zero
fluid element, also in the limit d, — 0, requires adjustment

of the nominal gradient expression. The introduction of a
small ¢, of the order 1-10 microns, is one approach.]

In case of erosion, there are two different behaviors.
Within a small distance from the target surface, say
®=5d,, a tangential component of the flow, directly
associated with the nominal impact velocity (and impact
angle), can be identified as U =C,U,,;,, where 0<C, <1
. It can be noted that reducing the particle size will not
adjust these relationships. Also, it is clear from Fig. C1, that

the flow velocity in the vicinity of the target surface, U,
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directly associates with U , such that U,; =CcU , where

0<Ce <Cp<1. We get:
flow gradient =(U U, )/(® +¢)

=U@-Cc)/(Ced, +¢)

=CeU/(Ced, +¢) (dilute erosion) (C3)

where Cz>1 and 0<Cg <1 for dilute erosion. The

implications that follows the Finnie theory is that the
coefficient C. (and in turn Cg) should not vary with

varying particle sizes. The existence of a flow gradient in
the case of dilute erosion is obvious, since this flow
gradient must fundamentally exist (according to
thermodynamics) in order for an irreversible wear work
transfer to at all be possible.

2-body abrasion

—_— U

3-body abrasion

n e g —

u=0 slip Ystip

dilute erosion dense erosion

H. U Unear wall

| "

Figure C1. Illustrating the assumption on flow gradient. Following the
continuum assumption applied, a continuous velocity profile (without any
discrete jumps) is modelled.

Uslip

A different situation is at hand for the case of dense-
flow ductile erosion. Near the wall, for small particle
diameters, the flow velocity is small. For the situation that
d, —0, it can be shown that Ug;, —0. (For continuum
flows of fluids representing gases or liquids, the no-slip
condition assumption applies, i.e. effectively assuming that
Ugip =0 at solid walls.) A normalization can hence not be
made against any fixed far-from-surface external flow

velocity (such as that controlling the experiment). If a
similar linear approximation is made within a small

distance ®=5d,, from the target surface, we may express:

flow gradient = (U ear wall —Usﬁp)/(cb +)

=Ugin(Cp -1)/(Cgd, +¢)

=Cgd p/(CBd pt+ 5) (dense erosion) (C4)
where Cg >1, Cp >1 and Cr >0 are constants.

Inserting these order-of-magnitude flow gradient
estimations into Eq. (1e), one may compute corresponding

ductile wear rate versus abrasive size d,. In Figs. C2-C3
are normalized graphs of the computed ductile wear rates,
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for a couple of different situations (assuming ¢ equal to 5
micrometers).

Interestingly, the present order-of-magnitude analysis
provide a direct ability of computing — in a straightforward
manner — normalized curves which fully match the
available experimental curves on particle-size dependency
presented in the literature. Earlier, this was not possible,
since the size-effect behavior has not earlier been possible
to explain.

It can be noted that some experimental curves show
erosion rate maximum at a certain particle size (such as
found in 3-body abrasive wear experiments). This erosion
maximum situation is possible to reproduce with present
order-of-magnitude analysis, cf. green curve in Fig. C2,
where the explanation for this behavior is simply that U,

is not directly proportional to U - a not uncommon
situation according to the sciences of multiphase flows.

This order-of-magnitude analysis applies at far-from-
equilibrium conditions, above the ductile wear onset
threshold.

02

Normalized wear work, normalized net abrasion

0.0 N L L ! . I L f . L
0 50 100 150 200 250

Particle size / micrometers
*— 2-body wear work - 1 diameter in gap
—e— 3-body wear work - 2 diameters in gap (Ushp directly proportional to {)
3-body wear work - 2 diameters in gap (U, increases slightly relative

to U with particle diameter)
A 2-body abrasion
O 3-body abrasion

Figure C2. Particle-size dependency on ductile abrasion and ductile wear
work (for an abrasive flow), normalized. Experimental data taken from [8]
(originally presented in [7]). The experimental data points represent
“wear rate as a function of SiC particle size for copper [...] in two body
and three-body abrasion (volume removed/(load x distance travelled))”.
Ductile wear work is analytically computed.
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Normalized wear work, normalized net erosion

00 1 L ) L )
0 50 100 150 200 250

Particle size / micrometers

—e— Dense-flow erosive wear work
—s— Single-particle erosive wear work
® Single-particle erosicn

Figure C3. Particle-size dependency on ductile erosion and ductile wear
work (for an erosive particle flow), normalized. Experimental data taken
from [8] (originally presented in [7]). The experimental data points
represent “‘wear rate as a function of SiC particle size for copper in
erosion (mass loss/mass of abrasive)”. Ductile wear work is analytically
computed.
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