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Abstract  
 
A theoretical model for the joint formation was developed for diffusion brazing. The phenomena of dissolution and 
solidification were included into the model. A thermodynamic justification for the isothermal brazing occurrence in 
the meta-stable conditions was developed. It involved the application of the criterion of higher temperature of the 
solid / liquid (s/l) interface. The dissolution of the filler metal in the substrate was described by the ଴ܰ െ solute 
concentration within the dissolution zone (liquid film) situated at the substrate surface. The selection of the ଴ܰ െ  
parameter was justified by the Thermocalc calculation of the Ni-Al phase diagram for meta-stable equilibrium. 
According to the model assumptions, the solidification was accompanied by undercooled peritectic reactions 
resulting in formation of intermetallic phases. The average Al – solute concentration measured across a given 
Al3Ni2/Al3Ni/Al3Ni2 joint confirmed that the ଴ܰ െ solute concentration was conserved within the joint sub-layers. 
The Ni-Al phase diagram for meta-stable equilibrium referred to for the solidification was also calculated by means 
of the Thermocalc Software. It allowed to locate the solidification path, s/l interface path and redistribution path 
onto the mentioned diagram. Superposition of both calculated phase diagrams was also given to show that the joint 
formation occurred cyclically under the meta-stable conditions. Isothermal formation of the Ni/Al/Ni joints has been 
performed at different temperatures. The following  ோܶ െ temperatures have been applied: 700, 750, 800, 850, 900, 
950, and 1000 0C. The solidification was arrested and the actual morphologies frozen. It allowed to make a 
measurement of the Al - solute concentration across each joint by means of the  EDX micro-analyzer to estimate  
average solute concentration, ഥܰ଴.  Regardless of the ோܶ - temperature, the solidification path was always the same.  
  
Keywords: : meta-stable equilibrium, joint formation model, dissolution, solidification  

  
1. Introduction 

A solidification, a dissolution and some solid/solid 
transformations are predicted by Tuah-Poku et al., (1988) as 
phenomena which are to be observed during diffusion 
brazing.  

The solidification and dissolution are subjected to 
consideration in the current model. However, exceptionally 
the first solid / solid transformation is strictly connected 
with solidification and dissolution through the mass balance 
(Kloch et al., 2005).  

A dissolution of substrate by the liquid filler metal 
occurs continuously within a zone ݀ݔ, Figure 1. The 
dissolution prepares the liquid film within the zone ݀ݔ. 
Once the zone becomes liquid the mass of this liquid film 
diffuses towards the joint symmetry axis and solidification 
occurs at the s/l interfaces, (Wołczyński et al., 2006a).  

Solidification is accompanied by the undercooled 
peritectic reactions, Figure 2. According to the concept of 
Chuang et al. (1975), undercooled peritectic reactions take 
place at the solid/liquid (s/l) interface.  

The occurrence of peritectic reactions at the s/l interface 
of cells formed within a given sub-layer are marked 
schematically with some arrows in Figure 2.  

 
 
Figure 1. Ni-substrate dissolution within its infinitesimally 
small amount, ݀ݔ (the so-called zone ݀ݔ situated just at the 
substrate surface) due to diffusion of liquid solution of the 
filler  metal, ܰி, through the channels situated among some 
cells of Al3Ni2 or Al3Ni phases formed in a given sub-layer, 
respectively. A reaction within the zone is as follows: 
ሺܰிሻ݀݅ݑݍ݈݅ ൅ ܰ݅ ՜ ሺ ݀݅ݑݍ݈݅ ݈݀݁݋݋ܿݎ݁݀݊ݑ ଴ܰሻ. 
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The internal channels within cells are mainly employed 
for the flow of dissolved substrate towards the s/l interfaces 
(bulk diffusion). The dissolved substrate contained within 
zone ݀ݔ has the solute concentration equal to ଴ܰ, Figure 1.  

Under the described conditions, a bonding process can 
result in a joint that reproduces micro-structurally a 
sequence of inter-metallic compounds or phases as it is 
visible in an adequate phase diagram for stable equilibrium, 
(Jacobson and Humpston, 1992; Wołczyński et al., 2006b).  
 

 
 
Figure 2. The undercooled peritectic reactions at the front 
of cells (as it results from the phase diagram for stable 
equilibrium): ଵܰ – solute concentration within undercooled 
liquid for the first peritectic reaction resulting in formation 
of the sub-layer that contains cells of the Al3Ni2 
intermetallic phase, ଶܰ – solute concentration within 
undercooled liquid for the second peritectic reaction 
resulting in formation of the sub-layer that contains cells of 
the Al3Ni intermetallic compound. The channels predicted 
in the model for bulk diffusion are shown schematically and 
completed with some arrows that signify occurrence of a 
given peritectic reaction. 
 

The analysis is focused on the formation of the Ni/Al/Ni 
joints in relation to the diffusion brazing. It makes it 
possible to develop a description for the solidification 
preceded by the dissolution and a new explanation for the 
role of the solidification path for the creation of the joint 
sub-layers.  

Additionally, a thermodynamic justification for the 
beginning of solidification path, ଴ܰ and the end of 
solidification path, ܰி, are both given. The Thermocalc 
calculation of the Ni-Al phase diagram for meta-stable 
equilibrium will give the grounds for this justification. 

 
2. Solidification / dissolution model for the formation 
NiAl3Ni2/Al3Ni/Al3Ni2-Ni joint 

The system selects one and only one nominal 
concentration of the solute, ଴ܰ at a given temperature, ோܶ, 
(Kloch et al., 2005). The selection of the ଴ܰ - parameter by 
the system occurs in such a way to ensure the film, ݀ݔ 
(zone ݀ݔ), to be liquid. The zone ݀ݔ is created at the 
surface of a substrate, Figure 1. It is evident that the liquid 
layer, ݀ݔ, is strongly undercooled from its liquidus 
temperature. Thus, dissolution occurs at a given 
temperature, ோܶ, as long as it is necessary to transform solid 
substrate zone, ݀ݔ, into the liquid film, ݀ݔ.  

Once the ݀ݔ zone becomes liquid and its concentration 
achieves a selected ଴ܰ, the undercooled liquid film is ready 

to be subjected to solidification involving undercooled 
meta-stable peritectic reactions, Figure 2.  

The average Al-solute content measured within the 
Ni/Al/Ni joint obtained after different periods of time is 
always equal to the ଴ܰ - concentration. Thus, the ଴ܰ - 
parameter is situated on the liquidus line as the beginning 
of solidification path, Figure 3. 
 

 
 
Figure 3.  Ni-Al phase diagram for stable equilibrium with 
the N0 → N1 → N2 → NF solidification path and with the  
k1N0 →  k1N1 →  k2N1 → k2N2 → k3(N2)N2 → k3(NF)NF 
“historical” solid / liquid interface path. TR = 700 0C, and 
N0 = 0.64 [mole fr.].   
 

According to the current model assumption, the constant 
partitioning is justified for the formation of an intermetallic 
phase. In the case of an inter-metallic compound formation 
a varying partition ratio is to be applied. Thus, the universal 
definition of the ݇ – partition ratio was introduced: 
 
݇௜ሺ ௜ܰ

௅ሻ ൌ ݇௜
଴ ൅ ݇௜

௅  ௜ܰିଵ ௜ܰ
௅⁄                   1, … , ݊,       (1)  

 
As the assumed peritectic reaction ݔ௜ ൅ ሺ ݀݅ݑݍ݈݅ ௜ܰሻ ՜

௜ݔൣ
௠௔௫ െ ௜ݔ

௠௜௡൧ occurs during solidification, the amount of 
the primary phase is to be defined accordingly. 
 
௜ߙ௜ሺݔ

஽, ݈௜
଴, ௜ܰିଵ, ௜ܰ , ݇௜ሻ 

 ൌ ݈௜
଴ ቂሺ1 െ ሺ ௜ܰ ௜ܰିଵ⁄ ሻሺଵିఈ೔

ವ ௞೔ሻ ሺ௞೔ିଵሻൗ ሻ ሺ1 െ ௜ߙ
஽ ݇௜ሻൗ ቃ (2) 

 
Eq. (1) is universal and can be applied to the 

descriptions of a peritectic reaction when: a/ an 
intermetallic phase is formed, then ݇௜

௅ ൌ 0; and, b/ an 
intermetallic compound is formed, then  ݇௜

௅ ് 0 and the use 
of Eq. (1) in its full form is recommended. The ݔ௜

௠௔௫ and 
௜ݔ

௠௜௡ - parameters have already been defined in detail, 
(Wołczyński et al., 2006a). Finally, the model allows 
determination of the ratio of sub-layers thickness, ߣଵ

௄ ଶߣ
௄⁄ ൌ

ଵݔ
௠௔௫/ሺݔଶ

௠௔௫ ൅  ଷሻ, Figure 4, with some explanationsݔ
shown in Figure 5. 

According to the current model, the solute concentration 
within a given sub-layer should be the same as the solute 
concentration at the peritectic point in the phase diagram. 

Thus, the Al solute concentration equals 60 at.%, for the 
Al3Ni2 – intermetallic phase and 75 at.% for the Al3Ni – 
intermetallic compound.  
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Figure 10. Method of determination of the ܰி – parameter: 
a/ experimentally with Ni/Al/Ni-700 interconnection for 
which solidification was arrested and morphology frozen; 
b/ due to the Al-Ni meta-stable equilibrium phase diagram 
( ்ܶ is the Al- melting point, ܰி - is the solution of the Ni in 
the Al - filler metal, as shown in Figure 1).  
 
3/ The  ଴ܰ – solute concentration is created within the zone 
 .as a  result of dissolution, Figure 1-2 ݔ݀

4/ The  ଴ܰ – solute concentration is reproduced 
subsequently within the joint as an average solute 
concentration, Table 1. 

5/ The  ଴ܰ – solute concentration created within the zone 
 corresponds well to the ܰ௠௜௡ - solute concentration ݔ݀
which is manifested by the meta-stable equilibrium phase 
diagram for dissolution, Figure 8. It is evident that both 
parameters are equal to each other: ଴ܰ ൎ ܰ௠௜௡. 

6/ The  ଴ܰ – solute concentration plays an essential role in 
the competition between stable and meta-stable formation 
of the interconnection, Figure 7. 

7/ The  ଴ܰ – solute concentration located on the liquidus 
line, Figure 3, is treated as an initial condition for the 
differential equation which describes the solidification.  

8/ According to the current model, creation of the zone ݀ݔ, 
follows the reaction ܰி ൅ ܰ݅ ՜ ሺܰ௦ሻݏ ൅ ሺܰ௦௦ሻݏݏ ൅
ሺݔ݀ ଴ܰሻ as explained in Figure 11. 

9/ According to the meta-stable equilibrium phase diagram, 
Figure 9, the first Al3Ni2 – intermetallic phase sub-layer (in 
sequence of appearance) is formed due to the phenomenon 
of partitioning along the solidification path ଴ܰ ֜ ଶܰ

ெ and 
diffusion into the solid (it is marked in Figure 11). 

 
 
Figure 11. Localization of the zone ݀ݔ, zone  ݏݏ, and zone  
 .within the Ni – substrate ݏ
   
10/ According to the same phase diagram, Figure 9, the 
second Al3Ni – intermetallic compound sub-layer is formed 
due to the interplay between the ଶܰ

ெ - liquid and Al3Ni2 
primary phase. Next, due to the partitioning along the 
solidification path ଶܰ

ெ ՜ ܰி with diffusion into the solid 
(it is marked in Figure 11). 

11/ Localizations of the ଶܰ
ெ - liquid and Al3Ni2 primary 

phase in the growing joint suggests that the peritectic 
reaction (not peritectic transformation) takes place to form 
Al3Ni – compound at the ଶܰ

ெ – point, Figure 9 (according 
to the description by Phelan et al., 2006) (the occurrence of 
the peritectic reaction is marked in Figure 11).  

12/ The Gibbs Phase Rule applied to the current model and 
experimental observations yields the Number of Degrees of 
Freedom ݈ ൌ 0, as required for the isothermal solidification 
imposed to the joint technology, ݈ ൌ ܿ െ ݌ ൅ 1. Thus 
݈ ൌ ܿ െ ݌ ൅ 1 ൌ 0 with ܿ ؠ ܰ݅, ݌ and therefore ,݈ܣ ൌ 3,  
 
13/ In fact, ݌ ؠ ሺ݀݅ݑݍ݈݅ ଴ܰሻௗ௫, ,ଷܰ݅ଶ݈ܣ ଷ݈ܰ݅ܣ ൌ 3, as it 
is justified by the current model and adequate experiments, 
Figures 6 and 10a.   

14/ The model is a universal one and can be applied to other 
situations where the brazing is expected.  

15/ It is suggested that brazing occurs in the case of 
massive rolls solidification, when the solid steel core 
interacts on the surrounding liquid cast iron added in the 
second step of the technology to improve the roll surface. 
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Nomenclature 
c  number of elements which take part in a given 

reaction, (Gibbs Phase Rule), 
           infinitesimal amount of the substrate melted due to ݔ݀

the dissolution of the liquid Al solute, [mole fr.], 
݅  index of the range of solidification; ݅ ൌ 1 for the 

range ଴ܰ ֜ ଵܰ; ݅ ൌ 2 for the range ଵܰ ֜ ଶܰ; 
݅ ൌ 3 for the range ଶܰ ֜ ܰி, Figure 3, 
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݇௜ partition ratio varying with the concentration of 
solute in the liquid, ݅ ൌ 1, … , ݊, [mole fr./mole fr.],  

݇௜
଴  first component of the partition ratio independent 

of any changes in the solute concentration along 
liquidus line, ݅ ൌ 1, … , ݊, [mole fr./mole fr.], 

݇௜
௅ second component of the partition ratio 

independent of any changes in the solute 
concentration along the liquidus line, ݅ ൌ 1, … , ݊, 
[mole fr./mole fr.], 

 ,଴ amount of the liquid at the start of solidificationܮ
usually ܮ଴ ൌ 1, [dimensionless], 

l  Number of Degrees of Freedom for a given 
reaction, (Gibbs Phase Rule), 

݈௜
଴   amount of the liquid at the beginning of a given 

range of solidification, ݅, ݅ ൌ 1, … , ݊, [mole fr.],       
௜ܰ
஻ solute redistribution after partitioning and back-

diffusion, ݅ ൌ 1, … , ݊, Eq. (5P), (5C), [mole fr.], 
ܰி concentration of the Al - filler metal in its liquid 

solution at the ்ܶ temperature, [mole fr.],  

exp .

FN  concentration of the filler metal in its liquid 

solution at the ்ܶ temperature, determined 
experimentally, [mole fr.],  

.

F

theorN   concentration of the filler metal in its liquid 
solution at the ்ܶ temperature, determined 
theoretically, [mole fr.],  

 ௜ܰ
௅  solute concentration in the liquid, observed along 

the liquidus line for a given range of solidification, 
(local solidification path),  ݅ ൌ 1, … , ݊,  Eq. (1), 
Eq. (1P-3P), Eq. (1C-3C), [mole fr.],  

௜ܰ
ௌ  solute concentration at the solid / liquid interface, 

observed along the solidus line for a given range of 
solidification, (local solid/liquid interface path), 
݅ ൌ 1, … , ݊, Eq. (4P), Eq. (4C), [mole fr.],  

଴ܰ  solute content at the beginning of solidification 
path (on liquidus line), [mole fr.],  also is the Al -
solute content within the zone ݀ݔ, created at the 
substrate surface by the dissolution phenomenon,             

෡ܰ଴  average solute concentration measured across the 
formed multi-layer, [mole fr.],  

଴ܰതതത average solute concentration within the all 
investigated joints, [mole fr.], 

ଵܰ  solute concentration in the liquid at the first 
peritectic reaction (phase diagram for stable 
equilibrium), Figure 3, [mole fr.], 

ଶܰ  solute concentration in the liquid at the second 
peritectic reaction (phase diagram for stable 
equilibrium), Figure 3, [mole fr.], 

ଶܰ
ெ   solute concentration in the liquid at the peritectic 

reaction (phase diagram for the meta-stable 
equilibrium), Figure 9, [mole fr.], 

௜ܰ  solute concentration in the liquid at a given 
peritectic reaction (phase diagram for stable 
equilibrium), Figure 3, Eq. (2), ݅ ൌ 1,2, [mole fr.], 

௜ܰିଵ  solute concentration in the liquid at a given 
peritectic reaction, (for ݅ ൌ 2,3) or solute 
concentration at the beginning of solidification 
path (for ݅ ൌ 1), (phase diagram for stable 
equilibrium), Eq. (1), Figure 3, [mole fr.], 

ܰ௦  solute concentration within the zone ݏ, (Figure 9), 
[mole fr.], 

ܰ௦௦   solute concentration within the zone ݏݏ, (Figure 9), 
[mole fr.], 

ܰ௠௜௡  solute concentration at the minimum of liquidus 
line, Figure 8, Figure 9, [mole fr.],  

݊   number of ranges of solidification for a given 
solidification path, ݊ ൌ 3, 

p  number of phases which take part in a given 
reaction, (Gibbs Phase Rule),  

 ,zone of saturation created in the substrate    ݏ
  ,zone of super-saturation created in the substrate    ݏݏ

௙ܶ
 temperature at the solid / liquid interface of a given   כ

phase / compound,  ݂, 
  ݂ ؠ ,݈݅ܰܣ ,ଷܰ݅ଶ݈ܣ ݂ ,ଷܰ݅, (shortly݈ܣ ؠ 11, 32, 31) 

as it results from the intersection of a given meta-
stable solidus line with the line which denotes ଴ܰ 
concentration, [K], 

ଵܶଵ
כ     temperature of the AlNi phase solid /liquid 

interface, Figure 7, [K],   
ଷܶଶ
כ     temperature of the Al3Ni2 phase solid /liquid 

interface, Figure 7, [K],   
஽ܶ   temperature at which the minimum of liquidus line 

appears in the phase diagram for meta-stable 
equilibrium, Figure 8, [K], 

ோܶ   real temperature of bonding (temperature of the 
interconnection formation), [K], 

்ܶ   melting temperature of the Al - filler metal, [K],  
 ,௄   time of the solidification progress, Figure 5a, [s]ݐ
 ி   time at which solidification is completed, Figureݐ

5b, Figure 11, [s], 
 ,time, [s]   ݐ
 ெ   time of the beginning of the first solid / solidݐ

transformation, Figure 11, [s], 
ଷଵݐ

஻    time of the birth of the Al3Ni phase within the 
Ni/Al/Ni interconnection, Figure 11, [s], 

ܺ଴   amount of the solid at a given stage (progress) of 
solidification when the process is arrested and 
morphology frozen (calculated for a total system 
along a global solidification path) [dimensionless], 

 ,current amount of the solid, [dimensionless]  ݔ
 ௜   amount of the primary phase which takes part in aݔ

given peritectic reaction at the ݅ െ  range of ݄ݐ
solidification, ݅ ൌ 1, … , ݊, [dimensionless],  

௜ݔ
଴    amount of the solid at a given stage (progress) of 

solidification when the process is arrested and 
morphology frozen, (calculated for a given ݅ െ  ݄ݐ
range of solidification along a local solidification 
path), [dimensionless], 

௜ݔ
௠௔௫   sum of amounts of both primary phase remaining 

after peritectic reaction and peritectic phase 
resulting from the peritectic reaction for a given 
solidification range, ݅ ൌ 1, … , ݊, [dimensionless], 

௜ݔ
௠௜௡   amount of the primary phase remaining after the 

peritectic reaction for a given solidification range,  
݅ ൌ 1, … , ݊, [dimensionless];  

௜ݔ
௠௔௫ െ ௜ݔ

௠௜௡  
               denotes the amount of peritectic reaction product 

obtained for a given solidification range, ݅ ൌ
1, … , ݊, [dimensionless]; a peritectic reaction 
which occurs at the ௜ܰ solute concentration (on 
liquidus) is treated as belonging to the ݅ െ  ݄ݐ
solidification range, (phase diagram for the stable 
equilibrium), 

௜ߙ
஽   back-diffusion parameter for both partitioning and 

redistribution, ݅ ൌ 1, … , ݊, [dimensionless],  
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௜ߚ
௘௫  redistribution extent coefficient, ݅ ൌ 1, … , ݊, 

(defined in detail by Wołczyński et al. 2006a), 
[dimensionless],  

௜ߚ
௜௡   redistribution intensity coefficient, ݅ ൌ 1, … , ݊, 

(defined in details by Wołczyński et al. 2006a),  
[dimensionless],  

ଵߣ
ி   thickness of the Al3Ni2 phase sub-layer within the 

interconnection formed at time ݐி, Figure 5, [μm],  
ଶߣ

ி   half the thickness of the Al3Ni  phase sub-layer 
within the interconnection formed at time ݐி, Figure 5, 
[μm], 
ଵߣ

௄   thickness of the Al3Ni2 phase sub-layer within the 
interconnection formed at time ݐ௄, Figure 5, [μm], 

ଶߣ
௄   half the thickness of the Al3Ni phase sub-layer 

within the interconnection formed at time ݐ௄, 
Figure 5, [μm]. 

 
Appendix  
     The following mathematical formalism is applied for: 
1/ formation of the intermetallic phase 
     The solute concentration in the liquid, changes during 
precipitation of primary phases along a given local 
solidification path, ݅, in accordance with the relationship:   
 

௜ܰ
௅ሺݔ; ௜ߙ

஽, ݈௜
଴, ௜ܰିଵ, ݇௜

଴ሻ 

 ൌ ௜ܰିଵሾሺ݈௜
଴ ൅ ௜ߙ

஽ ݇௜
଴ ݔ െ ሻ/݈௜ݔ

଴ሿ 
ೖ೔

బషభ

భషഀ೔
ವ ೖ೔

బ  (1P)  
 
     The Eq. (1P) is the solution to differential equation: 
 
݀ ௜ܰ

௅ ⁄ݔ݀ ൌ ሺ1 െ ݇௜
଴ሻ ௜ܰ

௅ ሺ݈௜
଴ ൅ ௜ߙ

஽ ݇௜
଴ ݔ െ ⁄ሻݔ  (2P) 

 
with the initial condition: 
 

௜ܰ
௅ሺ0; ௜ߙ

஽, ݈௜
଴, ௜ܰିଵ, ݇௜

଴ሻ ൌ ௜ܰିଵ        (3P) 
 
     The phenomenon of partitioning results in the formation 
of the solid / liquid interfaces, and “history” of the solute 
concentration at the existed interfaces are given as: 
 

௜ܰ
ௌሺݔ; ௜ߙ

஽, ݈௜
଴, ௜ܰିଵ, ݇௜

଴ሻ ൌ ݇௜
଴ ௜ܰ

௅ሺݔ; ௜ߙ
஽, ݈௜

଴, ௜ܰିଵ, ݇௜
଴ሻ  (4P) 

 
     The phenomenon of back-diffusion superposes solute 
partitioning.  
     The superposition of both phenomena results in the 
solute redistribution, which is a function of the solute 
concentration at formerly existing solid / liquid interfaces.  
 

௜ܰ
஻൫ݔ; ௜ݔ

଴, ௜ߙ
஽, ݈௜

଴, ௜ܰିଵ, ݇௜
଴൯ ൌ ௜ܰ

ௌ൫ݔ; ௜ߙ
஽, ݈௜

଴, ௜ܰିଵ, ݇௜
଴൯ 

 ൈ ൣ1 ൅ ௜ߚ
௘௫൫ݔ; ௜ݔ

଴, ݈௜
଴, ݇௜

଴൯ ߚ௜
௜௡൫ݔ௜

଴, ௜ߙ
஽, ݈௜

଴, ݇௜
଴൯൧  (5P) 

 
2/ formation of the intermetallic compound 
     The solute concentration in the liquid changes during 
precipitation of primary phases along a given solidification 
path, ݅, in accordance with the following relationship: 
  

௜ܰ
௅ሺݔ; ௜ߙ

஽, ݈௜
଴, ௜ܰିଵ, ݇௜ሻ ൌ ሾ ௜ܰିଵ ሺ1 െ ݇௜

଴ሻሿ⁄  

 ൈ ൝݇௜
௅ ൅ ሺ1 െ ݇௜

଴ െ ݇௜
௅ሻሾሺ݈௜

଴ ൅ ௜ߙ
஽ ݇௜

଴ ݔ െ ሻݔ ݈௜
଴⁄ ሿ

ೖ೔
బషభ

భషഀ೔
ವೖ೔

బൡ (1C) 

   
     Eq. (1C) is the solution to differential equation for 
solidification/micro-segregation: 
 

݀ ௜ܰ
௅ ݔ݀ ൌ ൣ൫1 െ ݇௜

଴൯ ௜ܰ
௅ െ ݇௜

௅ ௜ܰିଵ൧ ൫݈௜
଴ ൅ ௜ߙ

஽ ݇௜
଴ ݔ െ ൯ൗൗݔ  (2C) 

 
with the initial condition: 

௜ܰ
௅ሺ0; ௜ߙ

஽, ݈௜
଴, ௜ܰିଵ, ݇௜

଴, ݇௜
௅ሻ ൌ ௜ܰିଵ    (3C) 

 
     The “history” of solute concentration, at the appearing 
interfaces is described as follows: 
 

௜ܰ
ௌሺݔ; ௜ߙ

஽, ݈௜
଴, ௜ܰିଵ, ݇௜ሻ ൌ ݇௜

଴ ௜ܰ
௅ሺݔ; ௜ߙ

஽, ݈௜
଴, ௜ܰିଵ, ݇௜ሻ 

 ൅݇௜
௅ ௜ܰିଵ    (4C) 

 
     Consequently, the solute redistribution after partitioning 
and back-diffusion is given by: 
 

௜ܰ
஻൫ݔ; ௜ݔ

଴, ௜ߙ
஽, ݈௜

଴, ௜ܰିଵ, ݇௜൯ ൌ ௜ܰ
ௌ൫ݔ; ௜ߙ

஽, ݈௜
଴, ௜ܰିଵ, ݇௜൯ 

 ൈ ൣ1 ൅ ௜ߚ
௘௫൫ݔ; ௜ݔ

଴, ݈௜
଴, ݇௜൯ ߚ௜

௜௡൫ݔ௜
଴, ௜ߙ

஽, ݈௜
଴, ݇௜൯ ൧  (5C)  

 
All the relationships are formulated with: 

 

݈௜
଴ ൌ ቊ

݅      ,଴ܮ ൌ 1;
଴ܮ െ ∑ ௝ݔ

௠௔௫, ݅ ൌ 2, … , ݊;௜ିଵ
௝ୀଵ

  (1A) 

 

௜ݔ
଴ ൌ ቊ

ܺ଴,      ݅ ൌ 1;
ܺ଴ െ ∑ ௝ݔ

௠௔௫, ݅ ൌ 2, … , ݊;௜ିଵ
௝ୀଵ

  (2A) 

 
Additionally, the coefficient of the redistribution extent 

 
௜ߚ

௘௫ሺݔ; ௜ݔ
଴, ݈௜

଴, ݇௜ሻ  is the solution to the following equation: 
 
ሺ1 ൅ ௜ߚ

௘௫ሻ ௜ܰ
ௌ൫ݔ; 1, ݈௜

଴, ௜ܰିଵ, ݇௜൯ ൌ ௜ܰ
ௌ൫ݔ௜

଴; 1, ݈௜
଴, ௜ܰିଵ, ݇௜൯  (3A)                       

 
     Moreover, the definition of the coefficient of the 
redistribution intensity was also formulated.  
     The ߚ௜

௜௡൫ݔ௜
଴; α୧

D, ݈௜
଴, ݇௜൯ – coefficient of the redistribution 

intensity is a result of the solution to the equation: 
 

න ൣ1 ൅ ௜ߚ
௜௡ ߚ௜

௘௫ሺݔ; ௜ݔ
଴, ݈௜

଴, ݇௜ሻ൧ 
࢏࢞

૙

૙
௜ܰ
ௌሺݔ; ௜ߙ

஽, ݈௜
଴, ݇௜ሻ ݀ݔ 

  ൌ ݈௜
଴ ௜ܰିଵ െ ሺ݈௜

଴ െ ௜ݔ
଴ሻ ௜ܰ

௅ሺݔ௜
଴; ௜ߙ

஽, ݈௜
଴, ௜ܰିଵ, ݇௜ሻ  (4A) 
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