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Abstract

In this article, firstly, basic information on
convex function types and classical inequalities is
given. Then, some Hadamard type inequalities are
proved by using (h,m) —convex functions with the
help of an integral identity that has the potential to
generate Hadamard type inequalities.
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1. Introduction

Convex function concept is a structure that has
come to the forefront among the known function
classes in mathematics with its features, geometric
interpretation, wide wusage areas and aesthetic
structure. Convex functions whose definition is given
by an inequality have a structure expressed with the
help of the mean function. In addition, the basic idea
in the definition of convex function is to make a
comparison between the appearance of the linear
composition of two points under the function and the
linear composition of the images of those points. Let's
start with the definition of this function class.
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Definition 1.1. A function f:1 - R is said to be

convex if the following inequality holds:

fax+ (1A -0y) <tf()+ A -f»)
forall x,y € I and t € [0,1] (Pecari¢ et al. 1992).

Different types of convexity have been defined as a
generalization of convex functions, which are widely
used in the fields of statistics, engineering, convex
programming and inequality theory. We will now try
to briefly introduce these function classes.

Definition 1.2. (VaroSanec 2007) Let h:] - R bea
non-negative function, h £ 0. We say that f:1 - R
is h —convex function, or that f belongs to the class
SX(h,I), if f is non-negative and for all x,y € I,

0 < a < 1wehave

flax + (1 = a)y) S h(@)f (x) + h(1 = ) f (¥).

Definition 1.3. Let m € [0,1]. The function

f:10,b] — R is said to be m —convex if

fx+m(1-y) < tf(x) +md - a)f (¥)

is satisfied for every x,y € [0,b] and t € [0,1]
(Toader 1988).

Definition 1.4. (Ozdemir et al. 2016) Let h:] > R
be a non-negative function. We say that f: [0,b] = R
is (h,m) —convex function, if f is non-negative and
for all x,y €[0,b],m €[0,1], « € (0,1), we have
the following inequality

flax +m(1 —a)y) < h(@)f (x) + mh(1 - a)f (¥).

If the above inequality is reversed, then f is said to be
(h, m) —concave function on [0, b]. Obviously, if one
choose h(a) = a, then the definition reduces to non-
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negative m —convex functions. If we set m = 1, the
definition overlap with the definiton of h —convex
functions. It is clear that we can obtain non-negative
convex functions, P—functions, Godunova-Levin
functions and s —convex functions (in the second
sense) by selecting special values of the parameters.

Although there are many more generalizations of the
concept of convexity in the literature, the function
classes we have presented above have attracted the
attention of many researchers and have been taken as
the main motivation point in many studies. One of the
main consequences for convex functions is the
Hermite-Hadamard inequality. This famous inequality
not only produces lower and upper limits for the
Cauchy mean value of a convex function, it has also
been subject to important applications in numerical
analysis, statistics, and approximation theory. The
following double inequality is called Hermite-
Hadamard inequality in the literature.

Let f:1 € R - R be a convex function and let a, b €
I with a < b. The following double inequality:

f(a;b)sﬁfabf(x)dxsf(a)zf(b)-
The above inequality is in the reversed direction if f
is concave.

To explore more details related to different kinds of
convexity and further integral inequalities see the
papers Azpetia 1994, Beckenbach 1948, Breckner
1978, Dragomir and Pearce 1998, Dragomir and
Fitzpatrick 1999, Hadamard 1893, Mitrinovic 1970,
Mitrinovic et al. 1993 and Orlicz 1961.

The main purpose of this study is to obtain integral
inequalities containing new generalizations of
Hadamard type for second order derivative
(h,m) —convex functions. To prove the main
inequalities, an integral identity for twice
differentiable  functions and some classical
inequalities are used.

Main Results

In order to prove our main theorems, we need

the following integral identity that was proved by
Ozdemir et al. in 2013:
Lemma 2.1. (Ozdemir et al. 2013) Let f:] c R > R
be a differentiable mapping on I° where a, b € I with
a<b. If f"€lL[a, b], then the following equality
holds:

[ reom (5

_b-ar I6a)2 Z)ftzf" (tasz

+(1—t)a)dt
+J0 (t—1)2f" (tb
+(1—t)asz)dt.

Theorem 22. Let f:Ic[0,d)-> R be a
differentiable mapping on I° , such that f" € L[a, b],
where a,b € Iwith 0<a<b<o. If [f" is
(h, m) —convex on [a, b], for some fixed m € (0,1],

t €[0,1], then the following inequality holds:
‘f<a;b>_biajbf(x)dx
(b—a)[| . (a+b
=" [ ! ( 2 )
+mlf (%)| J;ltzh(l - t)dt]

b— a)? 1
Jo-ar [If"(b)l [ €-vhoa
0

jltzh(t)dt
0

a
16
4 | . (a + b)
m|f 2m
Proof. From Lemma 2.1, we can write

[ (57) -5 i rea

fl(t - 1%h(1 - t)dt] .



14| M.N. Cakaloglu et al.

EAJS, Vol. VII Issue |

(b—a)zU

f" t—+ 1- t)a>|

+f0(t

— 12 |f" (tb +(1-1t) aZLb)| dt]

Since |f"| is (h, m) —convex on [a, b], we know that

forany t € [0,1]
R
st ena-o)
< h(D) |f" (#N + mh(1

-0l Gl

and
(e + (1= =) = | (b + m1 - 22),|
< h(OIf" O] +mh(1 -0 | (5|

Thus, by using the facts that are given above, we have

|f€§”)—;§;ﬂ}wwx

< (b - _ a)ZI 2 [h(t) |f <a + b>|

Fmh(1 - (5 . ]dt

b — 2
+ O [t roir o

+mh(1—t) |f ( )”dt

_b I6a)2[f"(a;rb) Jotzh(t)dt
el G, ena -0
(b - a)®

[vwn[u—n%@m
+m|f" Gl

This completes the proof.

(t—1?h(1 - t)dt]
0

Remark 2.3. Under the assumptions of Theorem 2.2,
if we set m =1, then we have the following new
result

<a+b
2

(e
+ If"(b)l) fo e
+ <|f"(a)|

+ f” (a ; b)) thzh(l - t)dt).

Theorem 24. Llet f:Ic[0,d)» R be a
differentiable mapping on [° , such that f"e€

Lla,b],where a,b € Iwith 0 < a < b < oo. If [f"|?

is (h,m) —convex on [a,b], for some fixed m €
(0,1], t € [0,1] and ¢ > 1 with %+§= 1, then the

following inequality holds:

(1) 10w

(&

1

+m | f" f h(1 — t)dt)

1
S(b—a)2< 1 )5
16 \2p+1

1
h(t)dt
0

+<vwmwfhawt
0

+m|f | fh(1—t)dt>1‘

Proof. Suppose that ¢ > 1. From Lemma 2.1 and

using the well known Hélder inequality, we have
b b
[ (557) e o F G|
(b-a)? " b
<= [fo t2 |f (t%+ (1- t)a)| dt +

Jye =12 (b + (1 = ) =2)| e
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< eaf (5l (5o
o) de)"
4 za” (f (t - 1)2Pdt)%(f01 |F(ep+ 1 -

£) ﬂ)| dt)

Because |f"|? is (h, m) —convex on [a, b], we have
I |f’ (tﬂ+ 1- t)a)| dt < h(t) |f (“+b)|q +
it -0 (2)f

and

a+b

Lr(m+a-o —)| dt < h(®)|f"(b)|7 +
mh(1 -0 | (22)|"

By a simple computation,

1
f t?rdt = !
0 2p+1

and

Je = 1)%Pdt =

2p+1

Therefore, we have

r(5) - e

<|f" a+b fh(t)dt

1

<(b—a)2( 1 )E
=716 \2p+1
1

+m |f" f h(1 — t)dt)

+(vwmwfhawt

| m | (2 f h(1 — t)dt)ll

This completes the proof.

Remark 2.5. Under the assumptions of Theorem 2.4,
if we set m =1, then we have the following new
result

‘f(a+b

(b ;6a) (2}91 )p

1 b
= af fo)dx

<|f a+b | fh(t)dt

1

+If"(@) flh(l - t)dt)q
0

1
+<vwmwfhawt

- o }

Theorem 26. Let f:Ic[0,d)->R be a

(5

differentiable mapping on I°, such that f" € L[a, b],
where a,b € Iwith 0 <a<b<oo. If |f"|7 is
(h, m) —convex on [a, b], for some fixed m € (0,1],
t €[0,1] and g = 1, then the following inequality
holds:

a + b

1 b
) =52, ros

S Ol (RCS e

1

+m |f" (%)r flch(l - t)dt)q
0

(5

+ (If"(b)lqj (t2 — Dh(t)dt
0

f (t2—1h(1 - t)dt> ‘

Proof. Suppose that g > 1. From Lemma 2.1 and

+m|f

using well known the Power mean inequality, we

have
[ (57) — e r x|
< %[fo 2| (¢ + (1 - ta)| e +
[l -1)? |f" (b+@-0 ﬂ)| dt]
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_(b “) (f tzdt) (foltz |f"(t“;—b+

1- t)a)|q dt)a

+ (e - 1)2dt)1_% (S -

1
1)? |f" (tb +(1-1t) ﬂ)| dt)q
Because |f"|? is (h, m) —convex, we have

1
I
0

£ (taZLb+ (1- t)a>|q dt

< |f" (a+b

)|qf1t2h(t)dt
0

el (@) [ e - oa
and

1
I
0

q
dt

I (tb +(1-0) (1%1))

<Iroe | @ — Dh(de
0
el ()] [ @

— 1)h(1 — t)dt.

Therefore, we have

1) reon

S O (RCS e

1

+mf (%)|q fo Rt - t)dt)q

+ (If"(b)l"f (t2 — Dh(t)dt
0

+m |f" <a2+ b)|q f:(tz — 1h(1 - t)dt)q

I~
[E———

This completes the proof.

Remark 2.7. Under the assumptions of Theorem 2.6,
if we set m =1, then we have the following new

result

‘f(“ | FCodx

<505 [

1

+ " @) f C2n( - t)dt)q
0

1
+ (If"(b)qu (t2 — Dh(t)dt

j (t?—1h1 - t)dt) ‘

Theorem 28. Let f:Ic[0,0)—>R be a

(%

differentiable mapping on I° such that f" € L[a, b],
where a,b €l with 0<a<b<oo. If [f"|9 is

(h, m) —convex on [a, b], for some fixed m € (0,1]
and p,q >1 with %+%= 1, then the following

inequality holds:

+b 1 b
(3 )‘mf fedx
<(b—a)2< 1
- 16 r(2p+1)

)|‘I +mh(1

[ holr (5
_ (%)rdt)

(b — a)? 1
+ 16 (p(Zp +1)

+lflh(t)|f"(b)|q + mh(1
qJo

ol ()|
W\ 70
Proof. Since |f"|? is a (h,m) —convex on [a, b], from

Lemma 2.1 and using the Young inequality, we have
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()5 oo

(b—a)zU
+f0 (t—1)?

(b—a)? (12w |f"(tﬂ+(1—t)a)|
= 16a fo P q a

f" t—b+ 1- t)a>|

f" (tb +(1-1t) azj)| dt]

t

b—-a) Y (-1
+ 16 _I;, 14

N |f"(tb + (1q— t)ﬂ)| ;

t

b_az 1t2p
Lo,
0

16 p

@ () ema o (@)
gl

dt
q
+(b—a)2 fl(t_l)Zpd
+ fih(t)lf“(b)lq tmh( =0 |f" (a+b)| dt
0 q

This completes the proof.

Remark 2.9. Under the assumptions of Theorem 2.8,
if we set m =1, then we have the following new
result:

’f (29— f Fdx

- (b —a)? ( 1
- 16 p(2p +1)

w2 ol (A
+h(1 - t)If"(a)qut>

(b —a)? 1
+ 16 (p(Zp +1)

S RICIECY:
qJy

+h(1-10) |f" (aT-l_b)rdt).

Remark 2.10. Under the assumptions of our
Theorems, if we select special cases of h(t), then we
can provide several integral inequalities for different
kinds of convex functions. We omit the details.
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