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ABSTRACT

It is known that there exists a family of connection 1-forms depending on two parameters on the standard quaternionic Hopf
bundle. This family is constructed by using the canonical connection 1-form. In this work, the self duality and the anti-self
duality of these connection 1-forms are investigated. Parameters for which the family of connection 1-forms are self dual and
anti-self dual are determined.
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KUATERNIONIiK HOPF DEMETI UZERINDE BAGLANTI FORMLARI
UZERINE BiR NOT

OZET

Standart kuaternionik Hopf demeti iizerinde iki parametreye bagl baglanti formlarinin bir ailesinin varligi bilinmektedir. Bu
baglanti formlarin ailesi kanonik konneksiyon 1-formu kullanilarak insaa edilmistir. Bu ¢aligmada, bu baglant1 1-formlarinin
self dual ve anti-self dualligi aragtirilmigtir. Bu baglanti 1-formlarin hangi parametreler i¢in self dual ya da anti- self dual oldugu
belirlenmistir.

Anahtar Kelimeler: Asli lif demeti, Baglant1 1-formu, Self (anti-self) dual form, Instanton

1. INTRODUCTION

It is known that instantons are important for the topological invariants of 4-manifolds [1,2].
Geometrically, instantons are connection 1-forms (gauge potentials) on principle fiber bundles over 4-
dimensional manifolds whose curvature 2-forms (gauge fields associated with gauge potentials) are self-
dual (or anti-self dual, when orientation is reversed). The natural examples of instantons are given on
the standard quaternionic Hopf bundle [1,3,4]. Actually, self-dual (or anti self-dual) connection 1-forms
satisfy the Yang-Mills equations. Earlier, special solutions to the Yang-Mills equations were given in
[3]- These solutions (the BPST instantons) are called pseudoparticles. After this work, Trautman showed
that [5] the solutions of the Yang-Mills equations (the BPST instantons) correspond to the canonical
connections on the complex and quaternionic Hopf bundles S - §3 - §2 and S3 - S7 - S*. In his
work, nontrivial solutions of Maxwell and Yang-Mills equations are constructed and the curvature 2-
form (electromagnetic field) F is self dual (* F = F) on the two dimensional complex projective space
with the Fubini-Study metric. On the other hand, Minami [6] produced two specific connections on S’
by using Gauge transformations and showed that the gauge potentials which are the pullbacks of these
two connections are identical with solutions of SU(2) Yang-Mills equations. There also exist similar
results for some higher dimensions. Corrigan, Devchand and Fairlie studied the gauge field equation in
dimensions greater than four [7]. In [8], the Hopf bundle S7 —» S5 — 58 is considered and a solution
of eight dimensional Euclidean Yang-Mills field equation is obtained.
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A family of connection 1-forms depending on n parameters is given in [9] on complex and quaternionic
Hopf bundles S! — §2*~1 - CP, and §3 — $**~1 - HP,, respectively. These connections are
expressed in the following theorem:
Theorem 1 The ilmC-valued 1-form

i (V7 2202, + 1272, d25 + -+ + N Zall ™ Znd 2
w =lm
rurata) Iz, 772 + 2,722 + o+ Lz 7072

on $2"~1 js a connection 1-form on the complex Hopf bundle St - §2"*~1 - CP,, where 1,75, - -, 73,
are positive real numbers.

The Im(H)-valued 1-form

© — Im l9:1°1q1dqs + 11q211°2G2dq, + -+ + |lqn 1" Gndqy
Cuszron) 1qal172 + gz 12 + -+ + [l g 1502

on $4*~1 is a connection 1-form on the complex Hopf bundle $3 —» $*"~1 — HP,, where 54,5, - +, Sy,
are positive real numbers.

In this work, we investigate the duality properties of the two parametric family of connection 1-forms

||q1||r¢71dq1+||q2||5(72dq2) (1 1)
llg lI"+2+]lq|IS*2 '

a)(r's) = Im(

to obtain new Yang-Mills solutions on the quaternionic Hopf bundle S3 - S7 —» §*. Forr = s = 0,
w 0,0y coincides with the canonical connection on the quaternionic Hopf bundle.

2. PRELIMINARIES

Now, let us explain the materials which will be used in this work. One of these, is the principal fibre
bundle which is one of the most fundamental concepts of differential geometry and topology. A principal
fiber bundle consists of three manifolds G, P, M which are base space, total space and fiber (a Lie group),
respectively; r is a differentiable map of PontoMando: P X G - P,a(p,g) = p - g isaright
action of G on P such that following conditions are satisfied:

1l.n(p - g) = n(p),forallp € Pandg € G.

2. (Local Triviality): For each m € M, there exists an open neighborhood m € U and a
diffeomorphism ¥ : =1(U) —» U X G such that ¥(p) = (n(p),Y(p)), where  : m=1(U) - G
satisfies

Y -9 =yv@) g,
forallp € n~*(U)and g € G.

Another basic concept is connection 1-form, which is a Lie algebra valued 1-form, on a principal fibre
bundle and has an important role in geometry, topology and mathematical physics (see [4]). Hopf
bundles are specific examples of principal fibre bundles. There are canonical connection 1-forms on
Hopf bundles S3 —» S7 —» S* and ST - $3 — S$2. These connection 1-forms are explicitly expressed in
[4] and are generalized to higher dimensions in [9].

Consider the quaternionic Hopf bundle $3 - S7 - HP, = S*,
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where

§7 ={(q1,q2)eW? ¢ llqull® + llgzll* = 1}
There is a right action of S on S7 given by
(01,02) " 9 = (419, 929),
where (q1,92)eS” and g € S3. The Lie algebra of $3 can be identified with ImH. The projection map
of this bundle is 7(q1,92) = [q1,q2] € HP,; = S*. Standard trivializations (U, ¥;) and (U,, ¥,) are

as follows:

Uy ={lq1,q2] EHP; : q; =0}, U, ={[q1,9.] EHP; : g, =0},

_ q
YN (Uy) - Uy x S3, Y1(q1,92) = ([CILClz]'Wi”)'

_ qz
Yy:m N (Uy) - U, X S3, Y,(q1,q2) = ([%ﬂsz)

and inverses of ¥; and ¥, are
¢, = (llul)_li U; % S3 - ”_1(U1)' &, ([91, 921, 9) = (la1llg, Clz(fh)_l”CIl”g)»
¢, = (¥,) U, x §3 - a7 1(Uy), ®,([91, 921, 9) = (q1(az)"*llg21lg. llg21l9),

where g € §3. Canonical local cross-sections induced by local trivializations (U,,¥;) and (U,, ¥,)
are

_ q21lq4ll
s1:U; »m 1(U1) cS7, 51([q1,92]) = (”‘h”. 2q ! )
1

- g1l
Sp:lUp; » 1(U2) cs’, s2([q1,92]) = ( 161 2 azll )
2

The diffeomorphisms corresponding to standard coordinate neighborhoods U; and U, on HP; are

¢1:U; » H R*, $1([91,42]) = G217

IR

and

$,:U, » H = R*, $2([01,q2]) = q1927 "

IR

Thus, for all g € H — {0}, one has
— 1
(s100:7 (@) = W(LQ),

(52 ° ¢2_1)(Q) = \/ﬁ(% 1).
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Details can be found in [1, 4]. It is known that the canonical connection 1-form on the quaternionic Hopf
bundle 3 - §7 - §*

w = Im(g, dq; + 4, dqz)
is anti-self dual (or self dual) [1, 3, 4]. In [9], duality or anti-self duality of families of connection 1-
forms w(, ) are not investigated. In this work, similar calculations are done for the two-parameters
family of Im(H)-valued connection 1-forms

_ llg11I"q: dg1+la211°q da>
W(rs) = Im( T+2 s+2 )
lla1l™*2+llg2l

on the quaternionic Hopf bundle S3 — S7 — S* to investigate the duality properties, where r and s are
positive real numbers. Note that, if r and s are negative, then w(, ) are not defined for ||q,|| = 0,

llg21l = 0.

Let M be a 4-dimensional Riemannian manifold. It is known that in 4-dimension the Hodge star operator
is an involution on 2-forms, that is

*:A? (M) -»A? (M) and #?=id .

The 2-forms associated to the eigenvalue +1 are called self dual and the 2-forms associated to the
eigenvalue -1 are called anti-self dual forms. Then, the space of 2-forms decomposes into self dual and
anti-self dual parts. Let {e,, e;, €5, e3} be a local orthonormal frame on an open set U M and e’ the
1-form dual toe;, for 0 < i < 3. In local coordinates

e Ael — e? A e3, e® A e?+ el A ed, e% A ed — el Ae?
is a basis for self dual forms and

e Ael+ e? A ed, e® A e?— el A ed, e Aed3+ el Ae?
is a basis for anti-self dual forms.
3. THE DUALITY OF CONNECTIONS

It is proved in [1, 3, 4] that pullbacks of the canonical connection 1-form w to R* = H by s, o ¢, ~* and
s, o ¢, " are anti-self-dual. In this section, we compute pullbacks of connection 1-forms w(rs) t0 H by
the canonical local cross section s; and the standard chart (U, ¥;) on HP; by similar arguments to [4].
Letk :=s; 0 ¢y :H — m~1(U;). Then, one can evaluate

. llqll® _
(k “’(T,S))q(vq) = il Im(qv),
(X +1qlI®) 2 + ligll**?

where g € H and v, € T,H. Hence, we have
Ars) = k0@ = iIm (g(q)dg),

llqll®
S—=r :
A+ llqli®) 2 + llglis*?

where

g@=f@@g fl@=
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Thus, if g # 0, then A, ) is defined for all real numbers r,s. If n = Im(g(q)dq) is an ImH-valued
1-form on R*, one can easily check that [4]

dn +n An =Im{dg A dq + g(q)dq A g(q)dq}.
After tedious calculations, curvature 2-form F,.s) of A, is

Fors) = A(dgoAdg, —dq, Adq3)i+ A(dqeAdqy +dqq Adgs)j
A(dqo Ndq; —dqq Ndqy)k + B(dqe Adqy +dq, Adqs)qiq
B(dqo Adq, —dqy Adq3)qjq + B(dqo Adqs + dg, Adq,)qkq

where
K K
A = 2(f@+5lal?) - llal* (f@? +5)
_ @+ +@E+0lalP) gl a + gl z
- s—r 2
2((+ gz +liqlls+2)
and

K
B o= @7+
S
(s +7llql)lIqll*~2(1 + liqlI*) 2

s—r 2
2(@+ gz + liqlis+2)

If similar calculations are done for s, o ¢, %, we get curvature 2-form on H = R* as

Fasy = A(dgoAdqy —dq; Adqs)i+A(dge Adq, +dq; Adgs)j
A(dgo A dgs — dgq Adgy)k + B(dqo A dgy + dq, A dqs)gig

i B(dqo Adqy — dgqy Adq3)gjq + B(dge Adgs + dqy Adqy)gkq
where

1 (@+D+ @+ 9la)lalr a+ llglHz

r=s 2
2(@+ gz +liqlr+2)

and
2 r—2 Pl
(r +sllqlDNqll™ =@ + [iqll*) 2

B = s >
2(@+ g2z +liqlr+)

Note that, if r (or s) is a negative real number,

o — Im lq11I"q1 dg; + llq21I°q2 dq,
) lgalI™2 + llg,ll5+2

can not be a global connection 1-form on S”. But locally, the pullback of the connection 1-form W(r.s)
with respect to sy o ;1 (0r 55 0 2 ), Ay (Arsy) is a connection 1-form on H — {0}.

As a result, the 2-form F ;.. is self-dual if and only if
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(@ + @+nlaDlal G+ gz

s—r z
2(@+1NqI?)z +liqls*?)

and anti-self dual if and only if

S—r
_ (s+rligl®ligl*@ + gl =z "

s=1 2
2(@+Nql?yz +ligls*?)

B =0.

Therefore, we state the theorem below:

Theorem 2 Followings hold for the curvature 2-form F,. g :
1. Fersy isanti-self dual ifand only if r = s = 0.
2. Frs isselfdualifandonly ifr = s = —4.

4. DISCUSSION AND CONCLUSION
Potentials of most interest in physics are those whose field strengths satisfy the Bianchi identity, that is
DyF=dA+ [AF]=0,

for a potential A with associated gauge field F. After tedious calculations, one can show that field
strengths F;, ;) of potentials A, ) satisfy the Bianchi identity. Now, forq # 0 (q € H), we calculate

the squared norm || . (q)||2 of Fers) (@) as
2s 2 S—r—2
IF @] = 312014 45) + @+ Plll?)’ + (s +rllql2)?]
(@+hai®) = +lqlis+2)

If we integrate ||F s (q)||2 over H — {0}, we obtain a global measure of the total field strength. To
integrate, one can choose the standard spherical coordinates on R* as

qo = psingsinvcosd,
q1 = psingsinvsing,
q; = psingcosvy,

4z = pcCcosy,

where p = ||q]| > 0,0 < @,v,0 < m, then

SYM[CA(r,S)] = fRdz_{O}“T(r,s)(CI)”z
s s—r-2
= 62 fooo P +3(1::2) z [((4 +s)+ 4+ r)p2)2 +(s+ rpz)z] dp. (4.1)

(o T 2p?)

Using the result outlined in Theorem 1, one can easily perform integration (4.1) whenr = s. In that
case, the squared norm reduces to the simple expression
llqll***?

2
|1Fso @l =304+ )2+ SZ)W
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whose Yang-Mills functional can be exactly integrated as

5 (52 +4s + 8) ,
_, if s>-=2
Sl ool = [ IFeo@I’ = e
e R*-{0} o —2m? sitds+8 if s<-=2
s+ 2 ’
By taking derivative of the Yang-Mills action SYM[c/l(r,S)], we observe that s = 0 and s = —4 are

minimum values of the Yang-Mills action. As a result, potentials A minimize the Yang-Mills
functional. At these extremum values of s, gauge fields F, also satisfies

Dcﬂ *T(s,s) =0.
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