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Abstract

In this study, we investigate the existence of quasi-para-Sasakian structures
on five dimensional nilpotent Lie algebras. There are six non-abelian
nilpotent Lie algebras. We show that quasi-para-Sasakian structures exist
only on one of these algebras. Quasi-para-Sasakian structures correspond
to the class G5 @ Gg in the classification of almost paracontact metric
structures. We show that a quasi-para-Sasakian structure on a five
dimensional nilpotent Lie algebra is either in G5 or Gs.
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Oz

Bu calismada 5 boyutlu nilpotent Lie cebirleri tizerinde kuasi-para-Sasaki
yapilarin varligi incelenmistir.  Birbirine izomorf olmayan alti tane
Abelyen olmayan nilpotent Lie cebri vardir. Kuasi-para-Sasaki
yapilarin bu Lie cebirlerinden sadece birinde oldugu gosterilmistir.
Kuasi-para-Sasaki yapilar hemen-hemen parakontak metrik yapilarin
siiflandirilmasina gore Gy @ Gg sinifina karsilik gelmektedir. 5 boyutlu
nilpotent bir Lie cebri iizerinde kuasi-para-Sasaki bir yapinin G5 veya Gg
siifindan oldugu kanitlanmastir.

Anahtar Kelimeler: Hemen-hemen Parakontak Metrik Yapi,
5-boyutlu Nilpotent Lie Cebri, Kuasi-para-Sasaki Yap1

Introduction

Almost paracontact structures on differentiable manifolds were introduced by [1] and after that many

authors have made contribution, see for example [2—8] and references therein. Almost paracontact metric

manifolds were classified according to symmetry properties of the structure tensor and there are 12 basic

classes and thus 2'2 classes of almost paracontact metric structures. Definitions of each basic class and

projections onto each subspace are obtained in [4] and [3]. An almost paracontact metric manifold is

called quasi-para-Sasakian if the fundamental 2-form is closed and the structure is normal. It is known

that the class of quasi-para-Sasakian structures is G5 @ Gg according to the classification in [3]. Our
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aim is to study the existence of quasi-para-Sasakian structures on non-abelian five dimensional nilpotent

Lie algebras classified in [9]. We prove that only one of the non-isomorphic non-abelian nilpotent Lie
algebras admits quasi-para-Sasakian structures and a quasi-para-Sasakian structure on a five dimensional
nilpotent Lie algebra is either in G5 or Gg. There is no quasi-para-Sasakian structure which is in
G5 & Gg properly. For the existence of some other classes of almost paracontact metric structures on

5-dimensional nilpotent Lie algebras, see [6]. For the almost contact case, see [10,11].

Preliminaries

In this section we give necessary preliminary information. One may also refer to [3] for definitions of
basic concepts. An almost paracontact structure on an odd dimensional differentiable manifold A/27+!

is an ordered triple (¢, &, n), where ¢ is an endomorphism, £ a vector field and 7 a 1-form such that
p=1-ne¢ € =10 =0, (0
there is a distribution

D:pe M — D, = Kern.

M is called an almost paracontact manifold. If an almost paracontact manifold M admits a semi-Riemannian

metric g satisfying

9(e(u), o(v)) = —g(u, v) + n(u)n(v) 2)

for all u,v € X(M), where X(M ) denotes the set of smooth vector fields on M, in this case M is called

an almost paracontact metric manifold. The 2-form defined by

(I)(uv U) = g(@uv U)

for all u,v € X(M), is said to be the fundamental 2-form. We denote the vector fields and tangent
vectors by letters u, v, w. Let F' be the tensor defined by

F(u> v, w) = g((vugp) (U)a w)v (3)

for all u, v, w € T, M, where T), M is the tangent space at p and V is the covariant derivative of g. Then

F has properties

F(u,v,w) = —F(u,w,v), (4)
F(u, e, pw) = F(u,v,w) + n(v)F(u,w,§) — n(w)F(u,v,§). Q)

The Lee forms associated with F' are

e(u) = gijF(eiaej>u)’ 9*(u) = gijF(eia gpejvu% w(u) = F(faévu)a
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where u € T,M, {e;, &} is a basis for T,,M and g% is the inverse of the matrix gij. Let F be the set of

(0, 3) tensors over 1), M which satisfy (4), (5). F is the direct sum of twelve subspaces G;,7 = 1,...,12,

see [3,4]. We give definitions of classes we use.

G Flu,v,w) = "EE o, puwpn(o) — (e, poim(u))
G+ F(u,,0) = —n(0)Fo,w,€) £ ()P, 0,€), ©

F(U,U,f) = F(v,u,ﬁ) = —F(QOU, QOU,S), QF(f) =0

An almost paracontact metric manifold is in the class G; @ G; if the tensor F' is in the class G; © G;

over T, M for all p € M. An almost paracontact metric manifold is normal if [3, 12]
P(Vup)v — (Veup)v + (Vun)(v)€ = 0,

or equivalently,

F(u,v,pw) + F(pu,v,w) + F(u, pv,n(w)) = 0.

An almost paracontact metric manifold is said to be quasi-para-Sasakian if the fundamental 2-form is

closed, that is,
d®(u,v,w) = F(u,v,w) + F(v,w,u) + F(w,u,v) =0 7

and the structure is normal. In this case, the characteristic vector field ¢ is Killing and the class of
quasi-para-Sasakian manifolds is G5 @ Gg [3]. In addition, for a quasi-para-Sasakian manifold it is

known that

(Vup)(v) = —g(Vu&, pv)€ — n(v)p(Vus), ®)

or equivalently,

F(u,v,w) = —g(Vu&, v)n(w) + n(v)g(Vué, pw), )

see [7].

Quasi-para-Sasakian Structures on g;

Each left invariant almost paracontact metric structure (p, &, 7, g) on a connected odd dimensional Lie
group G induces an almost paracontact metric structure on the Lie algebra g of G. We use the same
notation for the structure on the Lie algebra. According to the classification of 5 dimensional nilpotent

Lie algebras in [9], there are six non-abelian non-isomorphic nilpotent algebras g; with basis {e1, ..., e5}
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and non-zero brackets:

g1 : |e1,€e2] = €5, |€3,€4] = €5
g2 : [e1,e2] = e3, e, e3] = es, [e2, e4] = €5
g3 : [e1,e2] =e3,[e1,e3] = eq, [e1,e4] = e5,]e2,e3] =e5

g5

[e1, ea] [e3, ea]
[e1; ea] [e1; e3]
[e1; ea] [e1; e3]
g4 [e1, 2] = e3,[e1, €3] = ey, [e1, e4] = €5
[e1, e2] [e1, es]
g6 : [e1, ea] [e1, €3]
First note the following.

Proposition 1. Let (M, p, &, 7, g) be a quasi-para-Sasakian manifold, thatis M € G5 @ Gs. If 0p(§) =
0, then M is in Gg.

Proof. Let (M, p, &, n, g) be quasi-para-Sasakian. Then (9) implies

—n(v)F(u,w, &) + n(w)F(u,v,8§) = —n(v){—g(Vu&, p(w))} + n(w){—9(Vu& ¢(v))}

= F(u,v, ). (10)
Since ¢ is Killing, by (9)
F(pu, v, €) = =9(Vpul, 9*0) = =9(Vpul,v) = 9(Vol, pu) = —F(v,u,), (11)
since (V) = Vol [71,
F(u,v,§) = =g(Vug, 0v) = 9(0(Vug), v) = 9(Voud, v) = —g(Vi§, pu) = F(v,u,9). (12)

If 0 (&) = 0, then defining relations (6) hold and as a consequence the quasi-para-Sasakian manifold is
in Gg.

We study the existence of quasi-para-Sasakian structures on 5 dimensional nilpotent Lie algebras and

deduce the result below.

Theorem 1. A five dimensional nilpotent Lie algebra has a quasi-para-Sasakian structure if and only if
its Lie algebra is isomorphic to g;. Moreover, a quasi-para-Sasakian structure on g; is either in the class
G5 or Gg.

Examples of quasi-para-Sasakian structure on g; are given in the proof of Theorem 1.

Proof. For the proof of Theorem 1, we investigate each Lie algebra separately. Assume that (p, &, 7, g) is
aleft invariant quasi-para-Sasakian structure on a connected Lie group (g; with corresponding Lie algebra
gi» @ = 1,...,6 and g is the metric such that the basis {eq,...,e5} is g-orthonormal and g(e;, e;) =
¢; = *1. Denote the corresponding quasi-para-Sasakian structure on g; by the same quadruple. The

Levi-Civita covariant derivatives and also the subspaces of Killing vector fields are evaluated in [6].
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The algebra g;: Since ¢ is Killing, £ = &se; [6] and g(&,€) = €265 = 1 implies 5 = 1, €2 = 1. Let the

endomorphism ¢ of the quasi-para-Sasakian structure be given by

p(e1) = ajer + ...+ ases, @(e2) =bre; + ...+ bses,
p(es) =cie1 + ...+ cses, pleq) =dier + ...+ dses, p(es) =0.

Since @ is a 2-form, ®(e;,e;) = g(p(ei),e;) = 0, and we have a3 = by = c3 = dg = 0. Also
g(p(ei),es) = —g(ei, p(es)) = 0 implies a5 = bs = c5 = d5 = 0. We evaluate F'(e;, e;, e) both from
(9) and (3) by using the Levi-Civita covariant derivatives in [6] and find the possible nonzero structure

constants:
1 1

F(€1,€17e5) - 5@2 - —F(€1,€5,el), F(€1,€3,€5) == 502 == _F(61765763)7
1 1

F(€1,€4,€5) = §d2 = —F(€1,€5,€4>, F(62,62,€5) = —551 = —F(€2,65,62),

1 1
F(€2,€3,€5) = —561 = —F(€2,€5,€3), F(€2,€4,€5) = —§d1 = —F(€2,€5,€4),

1 1
F(es,e1,e5) = 5@4 = —F(e3,e5,6e1), F(es, ea,e5) = 51)4 = —F(es, es5,€2),
1 1
F(63)63)65) = 504 = _F(63765763)7 F(€47€1765) = —503 = _F(645655 61)7
1 1
F(eq,e2,e5) = —553 = —F(eq,e5,€2), Fleq,eq,e5) = —ids = —F(es,e5,¢€4).

From (9), it is obvious that F'(es, e;, e) = 0. On the other hand evaluating F'(es, e;, e) from (3) and

comparing with (9) implies

as + €169by = 0, (13)
a4 + €2e3bz = 0, (14)
€r€qaq + b3 =0, (15)
— a3 + eg2e4bg = 0, (16)
—e1€3a3 + by = 0, (17)
and

cq + €3€4d3 = 0, (18)
— 1 + €2€4dy = 0, (19)
—e1€3c1 +do =0, (20)
co + €164d = 0, 21D
€segzco +dp = 0. 22)

In addition calculating (7) for basis elements gives

Co = a4 = a, dQZ*CLg:b, 01:*174267 dlzbgzd. (23)

The normality condition is satisfied, it does not give any restriction on structure constants. Now we show
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that a quasi-para-Sasakian structure in g; is either in the class G5 or Gg. There is no quasi-para-Sasakian

structure which is strictly in G5 @ Gg, that is
G5 ® Gg = G5 U Gg

for quasi-para-Sasakian structures in g;. By direct calculation,

0r(&) = g7 F (e ej,€) = %5{61@2 — €9by + €34 — €4d3}, (24)
where {e1,e2,...,§ = &se5} is the g-orthonormal basis. Comparing (14) and (15), we get a4 =
—egezbs = —e1€4b3, thus eae3 = €1¢4. Multiply both sides by e2€4. Then we also have €;e3 = €3e4. By

(13) and (18), if €165 = €3e4 = 1, then as = —b1, ¢4 = —d3 and the Lee form (24) is

Or(§) = %5{(61 + €2)az + (€3 + €a)ca} (25)
If €169 = €364 = —1, then a9 = by, ¢4 = d3 and (24) becomes

&
Or (&) = o (61 — €2)az + (€3 — €4)ca}. (26)

We know that e = 1. For other ¢; there are six cases: Since €1e5 = e3¢4 = £1 and the signature is
(3,2),

l.eg =1,e =1,€e3 = —1, ¢4 = —1. In this case, 0p(§) = &5(az — c4). By (13-23), we have

as = —by,cqy = —d3,co = a4 =dy = bz =aand —a3 = dy = by = —c¢; = b and thus

p(e1) = ageq — beg + aeq, p(e2) = —agey + aes + bey,

p(es) = —ber + aez + cieq, p(es) = aer + bea — cae3, p(es) = 0.
From (1), ¢%(e1) = e; and this implies

—ad+ b +a*=1, (27)
alaz —cq) =0,
blag — c4) = 0.

If ag—cq = 0, then Op(§) = &5(az—c4) = 0 and by Proposition 1, a quasi-para-Sasakian structure
is in Gg. If ag — ¢4 # 0, then equations (27) imply @ = b = 0 and —a2 = 1, which can not hold.
So for these ¢;, a quasi-para Sasakian structure can not be in the class Gs. In this case a quasi-para

Sasakian structure has the property that 67 (£) = 0 and is in Gg.

2. € =—1,ea =—1,e3 =1, ¢4 = 1 Similar to case 1, a quasi-para Sasakian structure is in the class
Gs.

3.ecg =1, = —1,e3 =1, €4 = —1 HF(g) = 55(a2 + 64). Equations (13-23) yield as = b1,

80



Aktay & Kocabas Sinop Uni J Nat Sci 8(1): 75-86 (2023)
ISSN: 2536-4383
¢4 =ds, co =aq4 =d; = bs =a, —a3 = dy = —by = ¢; = b and endomorphism ¢ is of the form

p(e1) = agea — bes + aeq, @(e2) = azer + aes — bey,

p(e3) = ber + aea + cqeq, @(eq) = aey + bea + caez, @(es) = 0.

Then ¢?(e1) = e; implies

a3 — b 4+a® =1, (28)
a(ag + ¢4) =0,
b(agz +c4) = 0.

If ao+c4 = 0, then by Proposition 1, the quasi-para-Sasakian structure is in Gg. If as+c4 # 0, then
by (28), a = b = 0 and a2 = 1. Since ¢?(e3) = e3, we also have c? = 1. Since as + ¢4 # 0, az
and ¢4 are both equal to 1 or both equal to —1. Then the quasi-para-Sasakian structure (o, &, 7, g)

%, pler) = ez, plea) = e,
ples) = eq, p(eq) = es, p(es) = 0 satisfies the defining relation of the class Gs. Also for

suchthate; = 1, e = —1,e3=1,e4 = -1, e5 =1, =e5,n =€

ay = ¢4 = —1, structure (¢, &,m,9), where e; = 1,e9 = —1l,e3 =1, €64 = —1,65 = 1, = e,

n=¢ pler) = —ea, p(e2) = —e1, p(ez) = —ea, p(es) = —e3, (es) = 0 is in Gs. Similarly
for cases below, a quasi-para Sasakian structure is either in the class Gg or Gs.

4. 61_—1,62:1,63:1,64:—1

5.ea=1,e0=—-1,e5=—-1,e4=1

6. € =—1,ea =1,e3 = —1, ¢4 = 1 Now we give an example of a quasi-para-Sasakian structure in
Gg. The quasi-para Sasakian structure (¢, &, 7, g) satisfying e; = 1,2 = 1, e3 = —1, ¢4 = —1,

e5 = 1,6 =e5,m = e, p(e1) = ey, p(ea) = e3, p(e3) = ea, p(es) = e1, p(es) = 0 satisfies
the defining relation of the class Gg, so in g1, there are quasi-para Sasakian structures of type G5

or Gg, however there are no quasi-para Sasakian structures which contain parts from both G5 and
Gs.

The algebra go: Since ¢ is Killing, £ = &zes [6] and g(&,€) = 265 = 1 implies €5 = 1, &2 = 1.

Endomorphism ¢ of the quasi-para-Sasakian structure is of the form

p(e1) = are; + ...+ ases, (ea) =bre; +...+bses, @(es) =cier + ...+ cses,
p(es) = drer + ... +dses, p(es) =0

and a1 = by = c3 = dy = 0 since g(¢(e;), ;) = 0. In addition g(¢p(e;), e5) = —g(ei, p(es)) = 0 gives

as = bs = ¢5 = ds = 0. We evaluate the possible nonzero structure constants F'(e;, €j, ey ) of the tensor
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F by (9):

F(ei,e1,e5) = %ag = —F(ei,es,e1), F(e1,ea,e5) = %b?, = —F(e1,e5,€2),
F(e1,eq,e5) = %dg = —F(e1,e5,eq4), Fleg,e1,65) = %a4 = —F(eq,e5,€1),
F(eg,eq,e5) = %b4 = —F(eg,e5,6e3), Fl(ea,e3,e5) = %C4 = —F(eq,e5,€3),
F(es, e, e5) = —%bl = —F(es,e5,¢e3), Fl(es, es,e5) = 50 = —F(es,e5,¢€3),

1 1
F(€3)64)65) = _§d1 = —F(€3,€5,€4), F(64561)65) = —5(12 = _F(64765761))

1
F(e47e37e5) - _562 - —F(€4,€5,e3), F(647€4765) - _§d2 - _F(647657 64)'

Now from (7) we get

0= F(e1,ea,e5) + F(ea,e5,e1) + Fles, e1,e2) = %{bg — a4},
0= F(e1,eq,e5) + F(eq,e5,e1) + Fles, e1,eq4) = %{dg + as},
0= F(eg,e3,e5) + F(es, e5,e2) + Fles, ea,e3) = %{04 + b1},
0= F(es,eq,e5) + F(eq,e5,e3) + Fles, e3,e4) = %{—dl + o},

thus bg = a4, d3 = —ao, c4 = —by and cg = dyi. Setbg = a4 = a,d3 = —ao = b, cy = —b1 = ¢,
Cy = d1 = d. Then

p(e1) = —bey + azesz + aeq, p(e2) = —cer + aes + byey,

@(e3) = crer +dea + ceq, (e4) = dey + daez + bez, @(es) = 0.

We evaluate F'(e;, e, ;) from (3) and compare with (9):

Cc

0= F(elye2ae4) = g((V61§0)(€2),€4) = _5647
0= F(e1,e2,e1) = g((Ve,p)(e2), €1) = —%161

imply ¢ = 0, ¢; = 0. Similarly, since F(eq,e1,e2) = 0, F(ej,e1,e3) = 0, F(ey,es,eq) = 0,
F(ei,eq,e3) = 0, F(eg,e1,e2) = 0, we getag = 0, b = 0, by = 0, da = 0, d = 0 respectively.
Thus ¢(e4) = 0 and (2) does not hold for u = v = ey.

0 =g(p(ea), p(es)) = —g(ea, es) + n(es)n(es) = —e4 # 0.

Thus there is no quasi-para Sasakian structure on go.
The algebra g3: In this Lie algebra if ¢ is Killing, £ = &se; [6] and g(&,€) = &2e; = 1 implies &2,
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€5 = 1. Similar to g; and go, ¢ is of the form

p(e1) = agex + ages + ases, (e2) = biey + bzes + baey,

@(e3) = cre1 + caea + caeq, @(eq) = diey + daea + dzes, p(es) = 0.

By (9), nonzero structure constants F'(e;, e;, e) of the tensor F' are

1 1
F(ei,er1,e5) = 504 = —F(e1,es,e1), F(er, e, e5) = 554 = —F(e1,es5,€2),

F(e1,e3,e5) = 504 = —F(e1,es,eq), F(ea,e1,e5) = 50,3 = —F(eq,e5,€1),
F(eg,eq,e5) = %bg = —F(eg,e5,¢e3), Fl(eg,eq,€5) = %d:g = —F(eq,e5,¢4),
F(eg,e5,e2) = —%bg = —F(eq,e2,¢5), Fl(es,e1,e5) = —%ag = —F(es,e5,¢€1),
F(es,es,e5) = —%cz = —F(e3,e5,e3), Fl(es, eq,e5) = —%dg = —F(es, es5,€4),
F(eq,e9,e5) = —%bl = —F(eq,e5,63), Fl(eq,e3,65) = —%cl = —F(eq,e5,€3),

1
F(€4,€4765) = _idl = —F(€4,€5,€4).

Then from (7) we get

1

0= F(e1,ez,e5) + F(eg,es5,e1) + Fles,e1,e2) = 5{54 —as},
1

0= F(e1,e3,e5) + Fes, e5,e1) + F(es, e1,€3) = §{d3 + az},
1

0= Fl(eg,e4,e5) + Feq, e5,e2) + Fes, ez, e4) = §{d3 + b1},

1
0 = F(es, eq,e5) + Fleq, e5,e3) + F(es, e3,e4) = 5{—612 + 1},

thus b3 = a4, c4 = —a9,ds = —byand dy = ¢q1. Letby = a3 = a,¢c4 = —as = b, d3 = —b1 = ¢,
¢1 = dy = d. Then

@(e1) = —beg + ae3z + aseq, @(ea) = —cey + bzes + aey,
@(e3) = dey + caea + bey, (es) = die1 + deg + ce3, @(es) = 0.

By comparing (3) with (9) for basis elements, we have a = a4 = d = co2 = b = 0. Then ¢(e;) = 0 and
(2) does not hold. As a result there is no quasi-para Sasakian structure on gs.
The algebra g4: The Killing characteristic vector field ¢ is of the form £ = &se; and g(€, &) = E2e5 = 1

gives £2, €5 = 1.

p(e1) = agea + ages + ageq, p(e2) = bieg + bzes + byey,

p(es) = cre1 + caea + caeq, (eq) = dieq + daea + dges, @(es) = 0.
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By (9),

1 1
F(€1,65761) = —§CL4 = —F(€1,61,65), F(61,€5,63) = —504 = —F(61,63,65),

1
F(€4,€5,€2) = §b1 = —F(64,62,65), F(€4,65,63) = 501 = —F(€4,€3,€5),

1 1
F(€4,€5,€4) = §d1 = —F(64,64,€5), F(61,62,65) = 5()4 = —F(€1,€5,€2).

From (7),

1
0= F(e4v€5762) + F(65,62,64) + F(€27€4,€5) = le’

1
0= F(ei, e, e5)+ F(ea,es,e1) + Fles, er,e2) = §b4,
thus by = 0, by = 0 and p(ez) = bzes. Also

1

0= F(e1,es,e3) + Fl(es,e3,€e1) + Fles,e1,e5) = — 5

1
0= F(ea,e5,e3) + F(es,e3,eq) + Fles,eq,65) = 501,

thus ¢4 = 0, ¢y = 0 and ¢(e3) = c2es. (3) and (9) yield

b3
— €4,

0= Fl(e1,e2,e4) = g((Ve,0)(e2), €4) = 2

thus b3 = 0 and ¢(e2) = 0. Then (2) is not satisfied and there is no quasi-para Sasakian structure on g,.
The algebra g5: Since £ is Killing, £ = 4e4 + &5e5.

p(e1) = are; + ...+ ases, (ea) =bre; + ...+ bses,
ples) =cre1 + ...+ cses, pleq) =dier +...+dses, o(es) = fier +...+ fses.

Since g(¢(e;),e;) = 0, we have a; = by = ¢3 = dy = f5 = 0. In addition, 0 = g(p(eq), ) gives
ds = 0and 0 = g(p(es),&) implies fy = 0. We calculate F'(e;, e;, ex) by (9) and by (3). By (3), we
have

a4

1
5 €1 + §{d1€1 + daez + dses}, €;).

F(eg,e1,6;) = g(ereq

By (9), F(es,e1,¢e;) = 0 fori = 1,2,3. Comparing these two equations we get ay = +dj, d2 = 0
and d3 = 0 from i = 1,2, 3 respectively. Also by (9), F(e1,e1,e2) = F(e1,e1,e3) = 0 and by (3),
F(ei,e1,e2) = —%¢s and F(e1,e1,e3) = —%¢5 and thus ag = a5 = 0. In addition ay = +d; = 0.
Thus ¢(e4) = 0. The equation (2) for u = v = ey implies 0 = —e4 + &7 and thus £3 = ¢4 = 1.
Now since g(£,&) = E3eq + 265 = 1, we have & = 0. Since & = &4eq and 0 = g(p(e;), €), we get
by = ¢4 = 0. The equation (9) implies F'(e3,e1,e1) = F(es,e1,e2) = F(es,e1,e3) = 0. Comparing
with (3), we get fi = fo = f3 = 0 and thus ¢(e5) = 0. Thus (2) is not satisfied for v = v = e5. So

there is no quasi-para Sasakian structure on gs.
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The algebra gg: Since ¢ is Killing, £ = £4e4 + &5e5.

cp(el) =aie1 + ...+ ases, @(62) =bie1 + ...+ bses,

ples) =cie1 + ...+ cses, @leq) =dier +...+dses, @(es) = fier + ...+ fses.

Since g(¢(e;),e;) = 0, we have a1 = by = ¢3 = dy = f5 = 0. Also since 0 = g(p(eq),&), we
get ds = 0 and 0 = g(p(es),&) implies f4 = 0. We calculate F'(e;, e, e;) by (9) and by (3). From

9), F(e1,e2,e1) = 0 and comparing this with (3) implies ¢; = 0. Similarly, F'(e1, ez, e3) = 0 yields
by = 0. In addition,

F(eg,e1,e1) = F(ea,e1,e2) = F(ea, e1,e3) = F(e1,e3,e1) = F(es, e1,e2) = F(ez, e3,€1)

= F(es, e2,e3) = F(eq,e2,e1) = F(e1, e2,e5) = Fes, e1,e3) = Fes, ea,e4) =0
imply a3 = co = a5 = dy = ds = f1 = f3 = b3 = ¢5 = ag = ¢4 = 0 respectively. Then p(e3) = 0 and
(2) does not hold. Thus there is no quasi-para Sasakian structure on gg.
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