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ABSTRACT

This paper deals with elastic-plastic stress analysis of a thin aluminum disc under internal pressures. An
analytical solution is performed for satisfying elastic-plastic stress-strain relations and boundary conditions for
small plastic deformations. The Von-Mises Criterion is used as a yield criterion, and elastic perfectly plastic
material is assumed. Elastic-plastic and residual stress distributions are obtained from inner radius to outer
radius, and they are presented in tables and figures. All radial stress components, o, , are compressive, and they
are highest at the inner radius. All tangential stress components, o, , are tensile, and they are highest where the

plastic deformation begins. Magnitude of the tangential residual stressesis higher than those the radial residual
stresses.
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IC BASINCA MARUZ BIR ALUMINYUM DIiSK’IN ELASTIK-PLASTIK VE ARTIK
GERILME ANALIiZi

OZET

Bu makale, i¢ basinclara maruz ince bir aliminyum diskte olusan elastik- plastik gerilmelerin hesaplanmasi ile
ilgilidir. Bu calismada, kiclk plastik deformasyonlar icin sinir sartlarini, elastik-plastik gerilmeri ve sekil
degistirmeleri saglayan anditik bir ¢ozim ©6ngoérildi. Von-Mises kriteri akma kriteri olarak kullanildi ve
malzeme plastik deformasyonda ideal plastik olarak kabul edildi. i¢ captan dis capa kadar olan bolgede elastik-
plastik ve artik gerilmeler hesaplandi. Sonuclar tablolar ve grafikler halinde verildi. Bitln radial gerilme
bilesenleri, o,, basl gerilmesidir ve bu gerilmeler disk’in i¢ ¢apinda maksimum degerdedir. Butln tegetsel
gerilme bilesenleri, o4, ceki gerilmesidir ve bu gerilmeler plastik deformasyonun basladig yerde maksimum
degerdedir. Tegetsel artik gerilmeler radial artik gerilmelerinkinden ¢ok ¢ok buydktr.

Anahtar Kelimeler : Elastik-plastik gerilme analizi, Artik gerilmeler, Aliminyum disk
1. INTRODUCTION The behavior of an elastic-plastic annular disk of

linear hardening, subjected to external pressure, was
first investigated analytically by Gamer (1986,

The elastic-plastic discs subjected to internal 1987). Guven (1988; 1992) investigated an elastic-
pressure are encountered in many mechanical and plaSth annular disk of variable thickness under
structural applications. For example, a disc may be external pressure using by analytical and numerical
under internal pressure due to shrink fit on a shaft. methods.
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Beside the elastic-plastic stresses, residual stresses
are particularly important because they may be lead
to premature failure. Prediction and measurement of
residual stresses are important in relation to
production, design and performance of any part of
engineering materials and machine components.
Jahed and Shirazi (2001) studied loading and
unloading of a thermoplastic disc. They calculated
loading and residual stresses, and associated strains
and displacements for shrink fitted rotating disc at
elevated temperatures by using variable materia
properties (VMP) and numerical method.

In this study, elastic-plastic stress analysis is carried
out on an auminum disc under internal pressures.
To obtain the plastic stress components, an
analytical method developed by Bektas and Sayman
(2001) is used. Residua stresses are obtained by
using elastic unloading technique. Results, elastic-
plastic and residual stress components, are presented
in Tables and Figures.

2. ELASTIC SOLUTION

The aluminum disc is assumed very thin, as seen in
Figure 1, so that in z direction, stress and strain
components are neglected, and shear stress is zero,
7,9 =0. The tangential and radial stresses under
internal pressure, p, can be written respectively as,
Timoshenko and Goodier (1970);

Plastic zone

<

7/

Figure 1. An auminum disc with a hole under
internal pressure, p, has a unit thickness, inner
radius, rp,=a=50mm, outer radius,
r, =b=100 mm, radius at yield, r, and radius at

any point, r, and al its edges are free

s :L CZ_CZbZ
T1-¢? r2
212
p > C°b
Gy = c?+
? 1—c2( er

Where r is the radius at any point on the disc, and a
isinner and b is the outer radius of the disc, and c is

the ratio of them,c=%. They can be written in

1)

symbols as;

O =pPCy

Gy =PCu

@

These stresses are depending on the radius r beside
the internal pressure. For a specific radius r, those
stresses are substituted into the Von Mises yield
Criterion in order to find the internal pressure which
is causing yielding of the disc, Mendelson (1968).

Theradia and tangential strains are also written as;

1 \%
€r :E(Gr —Vce):_(’r _EGG =& G _blce

©)
E Y E E ' '

Substituting Eqg. (2) into Eq.(3) gives,
g = p(al Cp—by Ctl) or
& = pdl
and 4
€ = P(a1 Cyu—by Crl) or
& = pdz

3. PLASTIC SOLUTION

The plastic solution is carried out for small plastic
deformations. The Von Mises theory is used as a
yield criterion due to the same yield pointsin tension
and compression for the aluminum disc. The yield
condition according to this criterion can be written
as, Mendelson (1968);

Oeq =8:%\/(Ge _Gr)z"‘((’r _02)2"'(62 _69)2 ®)

Since disc is very thin, stress in z direction is
assumed as zero, o, =0. So that Eqg. (5) yieldsto,
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O =E=\/692+6r2—69 G, (6)
Where the equivalent stress o for an elastic
perfectly plastic material is given as;
G =0y (7
Where oy is elastic limit. The plastic strain

increments are obtained by using the potential
function, f =6 -oy (¢p) , Owen and Hinton (1980);

of a
de? Jc;
ey r=1——0dA )
dgp 669
0
r of Q.
Oty

where dA is equal to the equivalent plastic strain
increment dsp. The total strain increments are

written as,

20,—o

oY ©)

From the boundary conditions, the tangential and
radial strains, Eq. (4), depending on the internal

pressurefor a<r<b aresubstituted into Eg. (9),
gives,
p 20,—69
deP =a, do,+b, doy+ , Ge,—d, dp=0
oY (10)
D=2, 0o, + b, dog+ 220" d,—d, dp=0

%

The solution of these equations with the yield
condition may be impossible. They can be written in
ashort and differential form as,

11

Also Eg. (6) can be written in the differential form
as,

(ZGr -0y )Acr + (269 -0, )Acse =0 (12)

and it iswritten in symbols
a,Ao, +b,Ac, =0

Ao, , Ao, and Ag, are obtained from Eq. (11)
and Eq. (12), and they are written as,

U4—U2

Ao, =——=Ap
U —Us

Acy =—2—2Ap (13)
Us —Ug

Where uy,U,,U3,U,,Us and  Ug
appendix.

are given in

If Ap is chosen at a small value, Ac;, Ac, and
Ag,can be obtained more accurately. Stress
components, ¢,, o, and equivalent plastic strain
&p can befound per step as,

(Gr)i (Gr)i_1+(AGr)i
(06 ) =(00) s +(Acy),

<8p )i (8 pe)il + (Asp )i

Wherei isthe number of the step.

(14)

4. RESIDUAL STRESSES

Residual stresses are obtained by superimposing
elastic unloading stress distributions on elastic-
plastic stress distributions. To obtain the elastic
unloading stresses, the autofrettage pressure Pa
required for yielding to any radius r, is given by
Hearn (1989), and it is written according to Von-
Mises;

N2 2

Pa :c{ﬁﬂnm} (15)

r
Where N:E, m=-—L,
a a

Elastic unloading stresses are obtained as;
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(Gr)unld = F>A Cr1

(0¢)unid = Pa Cu

(16)

The difference between elastic-plastic and elastic
unloading stresses results in the residual stress
components.

(Gr)r =G _(Gr)unld (17)
(Ge)r =Gy _(Ge)unld

Those residual stresses are obtained numerically for
any radiusr on the disc.

given in Table 1. All the results are obtained by
using the numerical solution. During the solution of
the problem, pressure increment, Ap is chosen to be
a a smal value as 0.01, and the stress-strain
components 6., oy, &, &, &, and residual stress
components, (o,),, (oy), are obtained for r = 50,
60, 70, 80, 90 and 100 mm. Results for the stress
components at the beginning of plastic yielding at r
=aandr=bareshownin Table 2.

Table 1. Mechanical properties and yield strengths
of aluminum disc.

ME?ggli Lcﬁ of Yield Strength | Poisson’s Ratio
5. A SAMPLE AND DISCUSSION E (MPa))/ oy (MPa) Y
In this study an aluminum disc is used, as seen in 69000 230.0 03
Figure 1, and mechanical properties of the disc are
Table 2. Pressures and Stress-Strain Components at the Beginning of Plastic Yielding
Pressure p (MPa) Radius r (mm) o, (MPa) oy (MPa) g,.(10%) £o.(10%)
-98.57 50 -98.57 164.29 -2.14 2.81
-345 100 0.00 230.00 -1.00 3.33

The eastic-plastic stresses and strains at the radius r
for the applied pressure p are given in Table 3. As
seen in this Table, al the stress and strain
componentsin plastic zone are underlined. All radial
stress components, ¢, are compressive, and they are
highest at inner radius r = a, and zero at outer radius
r = b. All tangential stress components, ¢, are
tensile, and they are highest where the plastic
deformation begins, and minimum at outer radius
r=h.

All radia residua stress components, (s, ), and
tangential residual stress components, (o) are

presented in Table 3. They are parabolic and
changed from inner to outer radius. Radia e,

tangential &, and equivalent ¢, plastic strains are

also presented in Table 3. They are highest at inner
radiusr = a and minimum at outer radiusr = b.

In Figure 2, the distribution of tangential stress
components, oy, are shown depending on the

applied internal pressures, p and radius r. It changes
nonlinearly from inner radius to outer radius. In this
figure, above doted line shows plastic stress zone,
and this line increases gradually since plastic zone
expands. When the plastic zone expands, tangential

stress o, at yield point gets higher value whereas
radial stress o, decreases.

p (MPa)
o p=-345
° p=-300
© p=-250
© p=-200
© p=-150

°p=-100

0.00—

- - - - i
50 60 70 80 20 100 T (MM)

Figure 2. The distribution of tangential stress
components, o, at radius r under different internal

pressures, p.

In Figure 3, the distribution of radia stress
components, o, are shown for each applied internal
pressures p and radius r. In this figure, above doted
line shows plastic stress zone, but this zone increases
in negative sign whereas its absolute value
decreases, and this doted line decreases gradually.
When the plastic zone expands, radia stress o, at
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yield point gets lower value whereas tangential
stress o, gets higher.

In Figure 4 and 5, tangential and radial residual
stress distributions, (og),, (o,), are shown
depending on the applied internal pressures p and
radius r. Magnitude of the residual stresses increases
while applied pressure is getting higher. Magnitude

of the tangential residual stresses (o), is higher
than the radial residual stresses (o,), . In Figure 4,

the magnitude of the residual stress components
(og), change from negative level to positive, and
they are minimum at radius r = 60. Figure 5, the
magnitude of the residua stress components
(o), change from negative level to positive, and

they are zero at radiusr = b.

Table 3. Elastic-Plastic Stress and Strain Components at the Disc Under Internal Pressures (Underlined Results

are the Plastic Stress and Strain Components)

Radial and Tangential Residual Stresses Radial, Tangen_tial an_d Equivalent
Pressure | Radius Stresses Plastic Strains
p (MPa) | r (mm) o, o (o) (50): g, (10°% | (107 | (109
(MPa) (MPa) (MPa) (MPa)
50 -98.38 164.45 -1.21 1.54 -2.14 2.81 0.04
60 -59.26 125.93 0.24 051 -1.40 2.08 0.00
-100 70 -34.69 101.36 0.14 041 -0.94 1.61 0.00
80 -18.75 85.42 0.08 0.35 -0.64 1.31 0.00
90 -7.82 74.49 0.03 0.30 -0.43 1.11 0.00
100 0.00 66.67 0.00 0.27 -0.28 0.96 0.00
50 -92.59 169.28 -38.63 -49.43 -2.07 2.85 1.52
60 -81.91 177.83 4.15 12.59 -1.96 2.93 0.20
-150 70 -52.04 152.04 6.51 19.03 -1.41 242 0.00
80 -28.13 128.13 3.52 16.04 -0.96 197 0.00
90 -11.73 111.73 1.47 13.99 -0.65 1.67 0.00
100 0.00 100.00 0.00 12.52 -0.43 144 0.00
50 -88.35 172.73 -59.47 -73.64 -2.03 2.88 3.00
60 -75.94 182.43 -11.66 -3.72 -1.89 2.97 124
2200 70 -63.49 191.59 -12.20 41.76 -1.75 3.05 0.19
80 -37.50 170.83 -9.78 44.57 -1.28 2.63 0.00
90 -15.64 148.97 -4.08 38.87 -0.87 2.27 0.00
100 0.00 133.33 0.00 34.79 -0.57 1.93 0.00
50 -85.25 175.20 -72.03 -86.94 -1.99 2.90 4.48
60 -71.16 186.01 -22.05 -12.05 -1.84 3.00 2.29
2950 70 -57.26 195.96 2.69 36.54 -1.68 3.08 0.98
80 -43.32 205.26 13.83 70.81 -1.52 3.16 0.13
90 -19.55 186.21 7.25 69.06 -1.09 2.78 0.00
100 0.00 166.67 0.00 61.81 -0.724 241 0.00
50 -83.00 176.98 -77.56 -90.62 -1.97 2.92 5.97
60 -67.34 188.82 -27.81 -13.37 -1.79 3.02 3.35
-300 70 -52.01 199.54 -3.70 36.80 -1.62 3.11 1.78
80 -36.87 209.34 6.77 72.19 -1.44 3.19 0.77
90 -21.77 218.34 9.22 98.75 -1.26 3.25 0.08
100 0.00 200.00 0.00 92.96 -0.86 1.89 0.00
50 -81.51 178.14 -78.24 -88.11 -1.95 2.93 7.31
60 -64.57 190.81 -30.10 -10.36 -1.76 304 4.30
345 70 -47.99 202.22 -7.44 40.29 -1.57 3.13 2.50
80 -31.78 212.46 1.83 76.00 -1.38 321 1.34
90 -15.81 221.69 3.32 102.69 -1.19 3.28 0.56
100 0.00 230.00 0.00 123.50 -1.00 3.33 0.00
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100 r (mm)
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Figure 3. The distribution of radial stress
components, o, at radius r under different internal

pressures, p.
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Figure 4. The digtribution of tangential residual
stress components, (oy), at radiusr under different

internal pressures, p.
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Figure 5. The distribution of radial residua stress
components, (o,), at radius r under different

internal pressures, p.

6. CONCLUSIONS

1. All radia stress components, o©,, ae

compressive, and they are highest at inner radius,
r = a, and zero at outer radius, r = b.

2. All tangential stress components, o,, ae

tensile, and they are highest at inner radiusr = a,
and minimum at outer radiusr = b.

3. Plastic zone begins at r = a and spreads through
the outer radius as applied pressure is increased.

4. After yielding, plastic stress components increase
gradually since plastic region expands.

5. Magnitude of the tangential residual stresses is
higher than those radial residual stresses.

7. APPENDICS
goa & o d o ba 3
1 = b ’ 2 = ’ 3~ !

2CG G C b,c, ¢
u 92 &b, b &b, b
4 — L] 5 — l -

C, aC ¢ a,C; G,
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