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Ozet

Bu c¢alismada, d-cebirlerinin bir genellemesi olan BHK-cebirleri elde edilmistir ve BHK-cebirleri ile d-
cebirlerinin iligkileri arasinda bir arastirma yapilmistir. Ayrica, ikiz (twin) ideal tanimi verilmis ve BHK bélim
cebirleri elde edilmistir. Ayni zamanda, BHK-cebirlerinde tirev tanimlanmis ve tlrevin ilgili 6zelikleri
cahisiimigtir.
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On BHK-Algebras

Abstract

In this work, the concept of BHK-algebras that is a generalization of d-algebras is established, and a survey
of relations between BHK-algebras and d-algebras is made. Algebraical properties of BHK-algebras are
derived and some discussions on the cases for a BHK-algebra to be a d-algebra is given. Additionally, twin
ideal is given as a new concept and the quotient BHK-algebras is obtained. Also, the concept of derivation
on BHK-algebras is defined and the features of the derivations are studied.

Keywords: d-algebras, Quotient Algebras, BHK-algebras, Derivations.

1. INTRODUCTION

BCK-algebras give a variety of algebras amongst whose subclasses can be seen the earlier implicational
models of Henkin (1950), algebras of sets closed under set-substraction, and dual relatively pseudo-
complemented upper semi-lattices. BCK and BCI- algebras were introduced by Y. Imai and K Iseki (1966,
1980). The concept of d-algebras as a salutary generality of BCK-algebras was presented by J. Neggers and
H. K. Kim (1999) and in their work several connections between d-algebras and BCK algebras were
included. Within this work, we present the conception of BHK-algebras as another beneficial generality of
d-algebras and analyze relations between d-algebras and BHK-algebras. The term of a pseudo BCK- algebra
as a content of BCK-algebra was risen by Georgescu and lorgulescu (2001). The term of pseudo d-algebras
as a generalization of d-algebras was studied by J.Neggers, Y.B. Jun and H.S. Kim (2009). The idea of
pseudo d* -algebras was introduced by C. Ates and A. Firat and some relations between the pseudo BCK-
algebras, the pseudo d* algebras and the pseudo d-algebras were investigated by them (2019). In this work,
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we give the judgement of ideals in BHK-algebras and describe the relevance between such ideals and
congruences. The description of derivations emerging out analytic theory is much salutary in analyzing the
nature and qualitification of algebraic systems. This concept was studied by several authors (Bell, H. E.,
and Kappe, L. C., 1989) and (Kaya, K., 1988) in rings and near rings. The term of derivation in ring and
near ring theory was applied to BCl-algebras by Jun and Xin (2004). Lastly, in this work we focus on
derivations on BHK-algebras and obtain some properties of it.

2. BHK-ALGEBRAS

Definition 2.1. If the following axioms are satisfied for every ¢, & € £ where £ is a non-empty set with
a constant 0 and a binary operation * , then £ is called a d-algebra.

(He*e=0,

2)0*e=0,

(3)¢e*a=0=a*¢ifand only if ¢ =& (Neggers, C. and Kim, H. S. ,1999).

Definition 2.2. Let (&£; *, 0) be a d-algebra and ¢ € £. Define ¢ * £ :={ ¢ *alae £ }. £ is said to be
edge if forany éin £, ¢ * £ = { ¢, 0} (Neggers, C. and Kim, H. S.,1999 ).

Lemma 2.3. Let (£; *, 0) be an edge d-algebra. Then ¢ * 0 = ¢ for any ¢ € £ (Neggers, C. and Kim, H.
S.,1999).

Definition 2.4. (&; *; 0) as an algebra of the form (2; 0) is called a BHK -algebra if for every ¢, 4 € &:
(BHK1) 0 *¢=0,
(BHK2) ¢ * 0 =¢,
(BHK3) ¢ *a=0=a4a*¢ifand only if ¢ = 4.
Every edge d algebra is a BHK-algebra but the converse does not hold in general.
Example 2.5. Let £ = {0, a, b} be a set in which the operation * is defined as follows:
Table 1. A BHK-algebra

Then £ is a BHK-algebra but not a d-algebra.

A relation " <" on £ where (£; *, 0) be a BHK-algebra is defined as " ¢ < a if and only if ¢ * 4 = 0" for
any ¢, 4 € /. Attention should be given that this relation is only antisymmetric.

Proposition 2.6. Forevery ¢, a, ® € £ where £ is a BHK-algebra

(1)ife *0=0thene¢=0,

2)e*(e*(0*e)=¢*¢,

3)ife* (a*&)=(a*¢) * athené * ¢ =0, and then &£ is an edge d-algebra.

Proof. (1) It is clear from (BHK?2).

(2) With (BHK1) and (BHK?2)

e*(E*(0*e)=(e*(e*0))=¢c*¢

(B)Lete*(a*x)=(a*¢)* e foreverye, a, & € £. Using (BHK1) 0=0*%(e *e&)=(e *0O)*e=¢ *¢.
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Hence e * ¢ =0.

Proposition 2.7. Let a, ¢ be any two elements in a BHK -algebra £. If 4 < ¢ then we have the following
(HDe*@*e¢)=e.

2)a*@E*@*e)=0.

(B)a*@*@*¢)=a*a.

4 @*e)*e=0.

Proof. Let £ be a BHK-algebra where ¢, 4 € £.

(1) Givenee £¢*0=¢by (BHK2).Ifa<éthene¢ * (& *¢)=¢ forany ¢ € ZE.

(2) Given e, a € A consider 4 * (¢ * (4 * ¢)). [fa< ¢ we have a4 * ¢ = 0 and by using (BHK2) we get a * (&
*(@a*e)y=a*(c*0)=a*e=0.

(3) Given ¢, a € &£ consider a * (a * (4 * ¢)). [fa< ¢ we have &4 * ¢ = 0 and by using (BHK2) we get 4 * (4
*@*¢)=a*@*0)=a*a.

(4) Let ¢, 4 be contained in £. By (BHK1) we have 0 * ¢ = 0 and if 4 < ¢ it can be obtained that (& * ¢) * ¢
=0.

Definition 2.8. For a BHK-algebra £ if for every ¢, 4, & ¢ £
C*)*e=(c*x)*@*x), (*(e*a)=(=*¢)* (e *Aa); respectively)
is satisfied then A is called right distributive (or left distributive, respectively).
Let £ = {0, a, b} be a BHK-algebra in which the operation * is defined as follows
Table 2. A right distributive BHK-algebra

It is clear that & is right distributive.
Proposition 2.9. If ¢ < a for a right distributive BHK-algebra £ then ¢ * &< 4 * & for every ¢, 4, & € £A.

Proof. If¢< 4, then ¢ * 4=0 and we get by (BHK1) (¢ * &) * (A * &)= (¢ * &) * & =0 * & = 0. Therefore,
e*reli*e.

Note that if ¢ < 4 then & * & < & * 4 may not be true since for example a< abutb * ad b * a for the
elements a, b € £ given above as a right distributive BHK-Algebra in Table 2.

Proposition 2.10. The induced relation " ¢ < 4 " is a transitive relation for a right distributive BHK-
algebra Z.

Proof. Ifé<4dand a< & for any ¢&, 4, & € & then
e*re=LC*e)*0=(e*e)*@*x)=(e*)*e=0*x=0
Showing that ¢ < z.

Proposition 2.11. Let £ be a BHK- algebra under the circumstance: (& * ¢) * (& * 4) = a * ¢ for every
¢, 8, eLE. Ife<athene*ala*e¢.

Proof.Ifé<4thene *4=0. (& *8) *(e*¢)=¢*4=0. Andsoxe *a<lae*e¢.
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Proposition 2.12. If (& * ¢) * (a4 * ¢)) * (& * 4) = 0 for every ¢, 4, & € £ where £ is a BHK-algebra
thené * ¢=0.

Proof. Puttingé=a=01in((& * &) * (a* ¢)) * (& * 4) = 0 we get
(@*0)*0*0) *(e*0)=(*0)*(*0)=*a=0.

Corollary 2.13. A BHK-algebra £ with the property ((& * ¢) * (4 ¥ ¢)) * (& *4) =0 forevery ¢, 4, & ¢
£ is a d-algebra. But the converse of this statement is not true in general. If £ is an edge d-algebra then it
is a BHK-algebra.

The algebra defined in the following table
Table 3. A BHK-algebra that is a d-algebra.

>k|D a b
00 0 O
ala 0 0
b|b a O

satisfies the properties ¢ *0=¢,0*¢=0,¢<aandd<é=>¢=4,¢*¢=0and ((x*e)* (a*¢e)) * (& *
a) = 0 for any element &, ¢, & in the given Table 3. It is a BHK-algebra that is a d-algebra.

The algebra defined in the following, for any element 4, ¢, & in the given Table 4
Table 4. An algebra where ((a * ¢) * (4 * ¢)) * (& * 4) = 0 is not satisfied.

0
b
0
¢

satisfies the properties ¢ *0=¢,0*¢=0,é<danda<é=>¢=4abut((e*e)*(@*¢) *(@*a)=0is

not satisfied for ((a * b) * (0 * b)) * (a * 0) = b.
The algebra defined in the following table, for any element &, ¢, & in the given Table 5
Table 5. An algebra where 0 * ¢ = 0 is not satisfied

-4=|(] a b
00 0 b

satisfiese *0=¢,é<danda<e=>¢=4,((@*¢)*(a*¢)) * (@ *a)=0but 0 * ¢ =0 is not satisfied since
0*b =h.

The algebra defined in the following table, for any element &, ¢, & in the given Table 6

Table 6. An algebra where ¢ < 4 and 4 < € = ¢ = 4 is not satisfied.

satisfless 0 *¢=0,¢ *0=0, (& *¢)*(a*¢)) * (@ *a)=0bute<adand a< & = ¢ =4 is not satisfied since
a <b and b<a but a#b.

From now on, & will denote a BHK-algebra.
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Definition 2.14. A non-empty subset A of £ is called a BHK-subalgebra of £, if ¢ * 4 € A whenever ¢, &
€A.
Definition 2.15. For asubset 4 of £, if for any ¢, 4 € £

(D 0eg

(2)aegand ¢ *ae gimply e e 4.
are satisfied then it is called an ideal of Z&.

Apparently, {0} and & are ideals of &£. They are called as zero ideal and trivial ideal in the given order.
An ideal g is called proper if 4 # A£.

In Example 2.5 41 = {0, a} is an ideal but 4> = {0, b} isnot fora*b=b e g2 and b € 4> yet a € £>.
Proposition 2.16. If ¢ € Fand a< ¢ for an ideal 4 of £ thena € 4.

Proof. Ifée ganda< ¢inthatcase 4 * ¢ =0¢€ 4. Fore ¢ € 4 and 4 is an ideal, clearly 4 € 4.
Proposition 2.17. 4is an ideal of £ if and only if ¢ * 4 € Jand ¢ € 4 implies & & 4.

Proof. Condition is necessary. Let 4 be an ideal of &. Suppose ¢ * 4 € Jand ¢ &€ 4 but 4 € 4. Then this
contradicts the fact that 4 is an ideal of £.

Condition is sufficient Assume the hypothesis. Then, if ¢ * 4 € 4 and & € ¢, then the contrapositive of the
hypothesis yields ¢ € 4. Hence, 4'is an ideal of Z&.

Definition 2.18. A mapping v from &A1 into A2 is called a BHK-homomorphism if for every &1, &> € &A1,
v (&1* &) =v (&) * v (&).

Example 2.19. Consider the operation * is defined on £ = {0, a, b} here in below:

Table 7. A BHK-algebra

« |0 a b

The mapping v defined from &£ into £ as v(e) = {2 eé=_0;lb} is a BHK-homomorphism.

T 1. In general, for a v homomorphism of a BHK-algebra & v (0) = 0 need not to be hold since for every
element ¢ € £, ¢ * &€ =0 is not hold for every BHK-algebra &. For example, consider the given example.
Let £ be the BHK- algebra given in Example 2.19. The homomorphism v defined on £ as

~_0 é=a,b
U(e) - {a é — 0 }
is a BHK-homomorphism where v (0) £0.

Theorem 2.20. Let v : A1 — &, be a BHK-homomorphism for BHK-algebras &1 and &,. Then the
following holds:
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The set v (A) is a subalgebra of &> for any subalgebra A of Z. In particular, Im(v) is a subalgebra
of £2,
The set v*(A) is a subalgebra of &, for any subalgebra A of A,.

Proof. 1) Let v(a), v(b)E v (A) where a,b€ A. Then v(a*b)=v(a)*v(b). Since is a A subalgebra of &£, we
have a*b € A. We have v(a*b)€ v (A) by definition. Thus v(a)*v(b) € v (A). Sov (A) is a subalgebra of
ZBs.

2) Recall that, by definition, v}(A)={a€ £1| v(a)€ A }. Suppose that two elements a, a' of v(A)
are given. We must show that a *a'ev*(A). Clearly, v(a), v(a')€ A and we must check that v(a *a')e A. But
v(a *a')=v(a)*v(a')€ A. Since A is a subalgebra of &, and v(a), v(a")€ A. It follows that a *a'ev!(A).

Definition 2.21. An ideal 4 of £ is called twin ideal if ¢ * ¢ € 4 for every ¢ € £.

In Example 2.5 41 = {0, a} is an ideal that is not a twin ideal but the ideal 4 = {0, b} of £ in Example
2.25is a twin ideal.

Definition 2.22. An ideal 4 of & is called a transitive ideal if ¢ * 4 € Jand & * & € 4 imply ¢ * & € 4 for
every ¢, 4, ® € .

The ideal g = {0, a} in the BHK-algebra &£ given with the Cayley Table below is a transitive ideal.

Table 8. A BHK-algebra

Denitfiion 2.23. An ideal 4 of & is entitled a congruent ideal if ¢ * 4 € Jand 4 * ¢ € £ imply (& * &)*( 4
*®)e Jand (& *¢) * (2 *d)e L forevery e, a, @ e £.

The ideal 4= {0, a} in the BHK-algebra £ given with the Cayley Table below

Table 9. A BHK-algebra
* |0 a b

is a congruent ideal.

Definition 2.24. An ideal 4 of & is entitled a powerful ideal whenever 4 is twin, transitive and congruent
ideal.

Example 2.25. Let £ = {0, a, b} be a set where * is qualified here in below:
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Table 10. A BHK-algebra

o0 0 0
ala 0 a

bib 0 b

It can be seen that 4= {0, b} is a powerful ideal.

Proposition 2.26. Describe a relationon £by ¢ ~aiff¢ *ade gand a * ¢ € 4 for all ¢, 4 € 4 where S is
a powerful ideal of &£. Then ~ is a congruence relation on Z.

Proof. ~ is reflexive since by Definition 2.21, ¢ * ¢ € 4 for every ¢ € £, that is ¢ ~ ¢. Apparently, ~ is
symmetric. For any ¢, 4, ® € A leté~danda ~x. Atthattime,¢ *de 4, 4*¢e Janda*xe g, & *d¢€
4. By Definition 2.22 we have ¢ * & € 4, & * ¢ € 4. Hence ¢ ~ . Therefore, ~ is transitive. Hence ~ is an
equivalence relation.

Letérdaandd ~fiforanye, 4,8, e £ Thene *a, 4*¢e 4, 0*n, i *0 e 4 Then by the Definition
2.23 we have

e*d)*@*deyg

@*n)*Ee*ney

and

@*o9)*@a*ney

E*n)*(e*deyg

Hence, by Definition 2.23, (¢ * 8) * (4 * 0) € Fand (4 * 0) * (2 * fi) € 4 we have (¢ * 0) * (4 * 1), and by (&

*N)*(€*n)e gand (¢ *0) * (¢ *0) e L wehave (4 *1) * (€ * 0) € 4 in other words (¢ * 0) * (4 * ). That
is to say ~ is a congruence relation on £.

Notate £ /4= {[¢]ls|¢e€ £ } where [ ¢&],={ae XL |¢~a}. Whenever [¢],*[a],=[¢é * 4], Is depicted
then * is well defined, since * is a congruence relation.

Theorem 2.27. Let 4 be a powerful ideal of a BHK-algebra £. Then (£/4; *; [0],) is a BHK-algebra
that is termed the quotient BHK-algebra of £ obtained with 4.

Proof. Notethat[0],={¢ée E|e~0}={eeLE|c* 0;0*¢e g}={¢ecX|¢, 0e g} =4 So the proof
is obvious since checking the axioms is trivial.

Example 2.28. Let 4 be a powerful ideal of a BHK-algebra in Example 2.25. Then (£ /4; *; [0].4) is a
BHK-algebra whose Cayley Table is given as

Table 11. A (£/4; *; [0],) BHK-algebra.

* Ol [[als
[0, [[0]y |I[Ol,
[als [als [0],
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Proposition 2.29. Let 4 be a twin ideal of a BHK-algebra Z£. Then the mapping ¢ : £ — &/ 4, given
by ¢(&) = [¢]4, is a surjective homomorphism and Ker, = 4.

Proof. As * is a congruence relation the operation + on &/ 4 obatined with [¢] 4 * [a] 4= [& * 4]y iS well
defined. For every ¢, 4 € £, we have ¢ (¢ * 3) =[¢ * ]y =[¢]s* [a]lz= o (€) * ¢ (). So ¢ is a BHK-
homomorphism. For ¢(E) = { ¢ (&) e e £} = {[ ¢]4| ¢ € £ } = £/ 4 we get ¢ is surjective. Additionally,
Ker,={¢ € B p(&)= 7} = (¢ B[ &],= 4} = {¢e E[&],=[0],} = { ¢ £ |&e 4} = 4 Therefore,
Kero,=4.

3. DERIVATIONS ON BHK-AIGEBRAS

Foré,ae £, eNa=4a%*(a*¢) issetout for the rest of the study.

Definition 3.1. A mapping d]: £— £ is a left-right derivation (brifley (l,r)- derivation ) of £ if for all ¢,
a e & it satisfies:

dae*ay=( e *a"*di@a)

dl*ay=(*d@)" (@ *a
] is called a right-left derivation (brifley, (r, I)-derivation) of &.

If ] satisfies for all ¢, 4 € £

Additionally, if (] is a (1,r) and (r, 1)-derivation at the same time it is called a derivation of Z&.
Definition 3.2. A derivation of & is called as regular if (] (0) = 0.
Example 3.3. Let &£ be given in Example 2.5. A mapping d]: £ — & described by

0 e=0,a

a@ =g 9 ®

is a (I; r)-derivation. (] is not a (r; 1)-derivation of £ since ] (a* b)=b whereas (a* (](b))  ( d](a) *b)
=(a*b) ~ (0*b)=b"0=0*(0*b)=0*0=0

And a mapping d]* : £ — & by J]*(¢) = b determined for every ¢ € A£.

It is easily seen that 0] *is a (r; 1)-derivation but not a (I; r)-derivation of & since d]*(0*a)= d]*(0)=b where
(d1*(0) *a) * (0 * d[*(a))=(b*a) " (0* b)=b"0=0* (0*b)=0.

Proposition 3.4. A (1; r) derivation (] of £ is regular.

Proof. Let (] be a (I; r) derivation of £ and for every ¢ € £ by (BHK1)

Q] (0) =] (0 * & = (@] (0) * &)~ (0 * Q] (&)) = (7] (0) * ) » 0 =0.

Proposition 3.5. Let 0] be a self map of Z£.

1.d] (¢)=d] (&) "~ ¢ for every ¢ € £ where (] given as (l; r)-derivation of Z£.

2.d] (&)= (¢ * ] (0)) ~ (] (¢) for every ¢ € £ where (] is a (r; 1)-derivation of .

Proof. 1. Let 4] be a (1; r)-derivation of &. Then
a@=de*0)=@E*0)"E*d@O)=d. " E*0)=d.("e
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2. Let d] be a (r; 1)-derivation of &. Then

a @©=daE*0)=(*a )" @) *0)=(*a@)"d: .

Proposition 3.6. For every ¢, 4 € £ and (] as a regular derivation of £ d]}(0) = { ¢ ¢ £ | (] (&) = 0} is
a BHK-subalgebra of £.

Proof. Since ] is regular A4(0) 0. Let & & € Q™. Since 0] (& * 8) = (& * ] (M) Q] (&)* &) = (& *0)(0*
4) =& 0 =0 we have ¢ * 4 ¢ ]X. Therefore, d]* is a BHK-subalgebra of Z&.

Definition 3.7. For any map f: £— & on & a set Ky is qualified as Ki= { ¢ € £ [f(¢)=0} .
Proposition 3.8. Kq for a derivation (] of £ is a subalgebra of Z£.

Proof. Let ¢, & € £ such that ¢, 4 € Kq. Then by the definition of (]
e*a=e*d@)~dE*a=*0"0*a=¢"0=0.

Thus, ¢ * a € Kq.
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